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Polymer Diffusion in Quenched Disorder:
A Renormalization Group Approach
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We study the diffusion of polymers through quenched short-range correlated
random media by renormalization group (RG) methods, which allow us to
derive universal predictions in the limit of long chains and weak disorder. We
take local quenched random potentials with second moment v and the excluded-
volume interaction u of the chain segments into account. We show that our
model contains the relevant features of polymer diffusion in random media in
the RG sense if we focus on the local entropic effects rather than on the
topological constraints of a quenched random medium. The dynamic generating
functional and the general structure of its perturbation expansion in u and v are
derived. The distribution functions for the center-of-mass motion and the inter-
nal modes of one chain and for the correlation of the center of mass motions
of two chains are calculated to one-loop order. The results allow for sufficient
cross-checks to have trust in the one-loop renormalizability of the model. The
general structure as well as the one-loop results of the integrated RG flow of the
parameters are discussed. Universal results can be found for the effective static
interaction w:=u—0v>0 and for small effective disorder coupling (/) on the
intermediate length scale /. As a first physical, prediction from our analysis, we
determine the general nonlinear scaling form of the chain diffusion constant and
evaluate it explicitly as D oc N(/)~' @(8(/) N(I)*) for 5(I) < 1.

KEY WORDS: Polymer dynamics; polymer diffusion; quenched random
media; renormalizability; universality.

1. INTRODUCTION

How does a polymer diffuse through a quenched random medium? Is this
question well posed, i.e., is there a universal answer independent of details?
Or can we identify a class of models which have a universal behavior? Can
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we especially use renormalization group (RG) methods in some parameter
range to settle these questions? These problems will be addressed in the
present paper with a special emphasis on a systematic RG treatment.

Consider a polymer as a very long linear object of arbitrary chemical
microstructure which is stiff only up to some microscopic length scale / and
which is embedded in some homogeneous solvent. Let the system be in
thermal equilibrium. If the monomers do not interact, the central limit
theorem yields both the radius of gyration and the root mean square end
to end distance scaling like \/]T/ with chain length N, independent of the
precise microstructure.

Let now the monomers repel each other on short ranges. Then the
central limit theorem is generalized to a universal scaling law. Both radii
scale like N* with v=0.588 in space dimension d=3, again independent of
the precise microstructure. (For an attractive interaction, there is no
universality.) This and other universal laws are verified both in experiments
and in simulations. They can be derived by transforming polymer statics
into a ¢* field theory, which is known to be renormalizable to all orders of
perturbation theory. (We will comment on some aspects of this connection
in the body of the paper, as far as this is needed for comparison with our
dynamic calculation. For a review on polymer statics see ref. 1.)

Let us briefly recall the idea of renormalizability: It implies that, of the
many parameters describing the microscopic behavior of the model, only
very few determine the behavior on large length scales. The basic step of a
RG treatment is to rewrite the model on a different microscopic length
scale, while physical observables are kept invariant. This can be done by
integrating out the microscopic degrees of freedom up to some fixed length
scale, which then becomes the new microscopic scale. The change of the
effective parameters under this procedure is called their RG flow. The
parameters of a renormalizable problem under RG flow approach a low-
dimensional parameter submanifold .#. Identities derived in this dis-
tinguished manifold .# are universal in the sense that every microscopic
system within a certain parameter range on sufficiently large length scales
first approaches the manifold .# and then obeys the universal identities on
. A point on .#, where the system parameters approximately reach .#,
is related to the microscopic physical system by some nonuniversal con-
stants. In the case of polymer statics in d=3, .# is spanned by only two
parameters, namely the chain length and the two-segment interaction.

Given the fact that universality was proven for polymer statics, it is
natural to ask about universality in more complicated polymer problems
such as polymer diffusion in random media.

Consider as a next step the equilibrium properties of polymers in
quenched random media. This problem has been discussed extensively and
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controversially in the literature. These controversies arose in part from
comparing different expectation values or different polymer models under
the general question: What are the equilibrium properties of a polymer in
a random medium? But without universality, different models give different
answers. Exactly one universal regime could be identified so far,’” namely
that of vanishing segment concentration and of the effective segment-
segment interaction being still repulsive after ensemble averaging. This
universal regime is trivial in the sense that its mathematical structure is
identical with that of polymer statics without disorder. That means it also
can be transformed into a ¢*-theory, it is renormalizable to all orders, etc.
It is related to the theory without random potentials by a mere shift of the
strength of the two-segment interaction.

Now we aim beyond simple equilibrium properties and investigate the
problem: How does a polymer diffuse through a quenched random
medium? Can we find renormalizability and thus universality in some
parameter range?

How should a realistic model be set up? The simplest approach to
polymer dynamics is a Langevin equation, which describes the displace-
ments of the individual segments due to the sum of local random thermal
forces and a deterministic force derived from the equilibrium Hamiltonian.
Neglecting furthermore the self-repulsion of the chain, this model is known
as the Rouse model. It is exactly solvable. Inclusion of the excluded-volume
interaction makes the problem only perturbatively treatable. It is renor-
malizable up to two-loop order.”®’ Such a model, however, neglects the
hydrodynamic modes of the solvent: The displacement of a segment should
also cause a displacement of the surrounding solvent and thus result in a
hydrodynamic flow field. The diffusion constant or viscosity of a model
including hydrodynamics consistently could be renormalized only to one-
loop order**’ up to now.

For none of these dynamic models has a transformation to a renor-
malizable dynamic field theory been found so far, and we will point out
some of the related difficulties in the paper at appropriate places. Therefore
no transformation offers a short-cut, but the full dynamics has to be
investigated perturbatively.

At first sight polymer diffusion in a random medium appears to pose
even a harder problem than polymer diffusion in a pure solvent. For-
tunately the random medium eases the problem in one respect: It should
screen the hydrodynamic flow field. We conclude this in analogy to the
hydrodynamic screening in a semidilute or dense solution, where the other
polymer chains play the role of a random medium (ref. 6, p. 172).

Now the random medium should be specified. A truly quenched dis-
order would consist, e.g, of a gel or any other packing of a diffraction
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column. One also could think of a semidilute or dense solution with the
other polymers being treated as a random background. If the relaxation
times of this “background” due to entanglements are sufficiently slow, one
could consider this situation as “relatively quenched.” In all these cases fre-
quently a reptation model is used, which treats the polymer diffusion as a
Langevin dynamics hindered by topological constraints. If the random
medium forms connected structures of fairly uniform density in three-
dimensional space, it can be mapped to an essentially regular array of
topological obstacles. Reptation then describes the snakelike motion of the
polymer through the array. As a result the diffusion constant is expected to
scale not as N~! as in a Rouse model, but as N 2

Consider in contrast a very irregular distribution of the medium. We
then might have wide holes and narrow passages, which act as entropic
traps or barriers.'”’ Coarse graining a bit, an entropic trap can be con-
sidered as an attractive potential. Also, the medium, being locally attractive
or repulsive, can contribute to an effectively fluctuating local binding
energy. This suggests that one considers the effect of a local random poten-
tial. One should expect that such a potential distribution should slow the
polymer down more than N ~2, since with growing chain length it will stay
longer and longer in favorable energy valleys. Machta'® has analyzed such
a model and finds the diffusion constant in his model to be proportional
to N =% exp( —cvoN*), with v, the second moment of the potential distribu-
tion and a =2 — dv the “specific heat” exponent of critical phenomena. If a
prediction of this type can be verified, the random potential for sufficiently
long polymers clearly dominates over the topological constraints, and it is
justified to neglect the latter. It must be noted that no simple scaling ansatz
can yield such an N dependence of the diffusion constant. Scaling would
always predict a power law D oc N~*, (Our RG analysis in contrast will
not give a simple scaling result.)

Experiments seem to be in favor of reptation for melts, but for
polymer solutions seem to show a stronger decrease of the diffusion con-
stant, as discussed in the review of Lodge et al'® on the experimental
verification of the reptation picture. Melts or solutions map clearly to
either a rather regular or a more random spacing of obstacles. Solutions
therefore seem to require a proper treatment of the entropic traps. Both
systems of course have no truly quenched disorder. One should expect the
diffusion constant for such annealed disorder to give an upper bound to
that in quenched disorder.

Having motivated the RG investigation of polymer diffusion in local
random potentials so far, we note that surprisingly little analytical work
can be found on such models.

Machta derives his prediction for the diffusion constant in a random
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potential by coarse graining the system up to the polymer size, followed by
a saddle point analysis. Especially the coarse graining needs reconsidera-
tion. Not only the whole chain, but also arbitrary parts of it can be trapped
in an entropic trap. This effect can be treated systematically in a RG
approach.

Besides Machta’s, the early work of Martinez-Mekler and Moore!'?’
should be cited. They investigated exactly the same model as considered
here. For the determination of the RG flow of the disorder coupling v they
used a replica approach, but did not pursue the investigation further after
not having found a stable fixed point of this flow. However, a stable fixed
point is not an indispensable prerequisite for the application of the RG.
Finding back the replica result in our fully dynamical calculation, we still
can exploit the fact, that the system is driven toward the distinguished
manifold .# and evaluate the RG flow in .#. Functional relations of the
form of “nonlinear” scaling laws still hold and can be evaluated pertur-
batively for small renormalized coupling. We will see that Machta’s result
reproduces the lowest order of the functional form found by our methods.

But before calculating the diffusion constant, we will investigate the
theory thoroughly with a special emphasis on renormalizability. Our aim is
a systematic treatment of a Langevin polymer dynamics with excluded-
volume interaction and with a quenched short ranged random potential by
methods of dynamic functionals and RG analysis. A systematic approach
is all the more desirable, since no model for polymer dynamics so far could
be proven to be renormalizable to all orders of perturbation theory. The
renormalizability assumption therefore needs to undergo a broad test. At
the same time the dynamic calculation also allows us to test the replica
approach.

More precisely, we will proceed in the following steps: In Section 2 we
recall some basics on polymer statics and its relation to a renormalizable
¢*-theory, we briefly discuss polymer statics with disorder, and we intro-
duce our dynamic model.

Section 3 is devoted to the systematic setup of the tool kit of the further
calculation: the dynamic generating functional is derived, the free theory is
diagonalized, and the general structure of the perturbation expansion is
provided. Finally the continuous chain limit as a tool for facilitating the
e-expansion (¢ =4 —d) and the discussion of canonical dimensions is per-
formed and the relevance or irrelevance of various parameters in the RG
sense is discussed. Though a dynamic functional approach was used earlier
for polymer dynamics,’® there is no literature we could refer to for the
setup of the calculation as needed in later sections.

In Sections 4-6 three different distribution functions are discussed and
analyzed. The center-of-mass motion and the internal modes are motivated
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as quantities of physical interest, while the center-of-mass correlation of
two chains plays a central role in the RG analysis. The physical properties
of all three distribution functions are discussed and they are analyzed to
one-loop order with technical details banned to some appendices. Our
results allow for sufficient cross-checks to prove the one-loop renormal-
izability of the model not strictly, but convincingly. (A strict proof would
require an abstract analysis of any generating functional, while we in fact
have analyzed functionals with specific generating fields, which we believe
to be representative.)

This allows us to analyze the RG flow of the parameters in Section 7.
Both the one-loop results and the general structure of a remormalizable
theory are discussed. The RG flow of the parameters is integrated. We
finish by calculating the diffusion constant as the long-time asymptote of
the center-of-mass motion. Preliminary results on both the long- as well as
the short-time asymptotics of the center of mass motion can be found in
ref. 11. The detailed analysis of the short-time asymptotics in comparison
with Monte Carlo simulations is given in a forthcoming paper.'!*

2. DEFINITION AND DISCUSSION OF THE MODEL

In the present section we recall some features of polymer statics
without and with disorder which are basic for the following analysis,
including the transformation to ¢*-theory. We also introduce the dynamic
model.

2.1. A Reminder on Polymer Statics and Renormalizability

Consider polymers consisting of N> 1 monomers in the dilute limit,
i.e., at such a dilution that they can be treated as isolated chains floating
in the solvent. For dimensions 2 <d <4, temperature 7> @, and on scales
much larger than the monomer size, there are only two features of the
model relevant for the calculation of properties on large scales, namely the
linear chain structure with given chain length N and an effective short-
ranged repulsive interaction v between the monomers. It is most convenient
for calculational purposes to represent these relevant features by the
Boltzmann weight exp(—s#[r]) derived from the following Hamiltonian:

y (ri_fi—l)2

Hle]+ A r]=) IE +ul’ Y d4r—-r), u=0 (21)

i=2 1<i<j<N

Here and in the rest of the paper the following notation is chosen: r;,, and
p, with u=1,..., d denote a component of the d-dimensional vectors r; and
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p, respectively; r denotes the (d x N)-dimensional vector of a polymer con-
figuration. We have

ri=(ri;x)y=1 ..... IIER‘I’ p=(p”)“=1 """ deRd (2.2)

.....

i=1,.., N defines the intrinsic metric of the chain.

That the ansatz (2.1) for u =0 contains the relevant part of the chain
structure can be seen easily: The distance distribution of the segments on
a slightly coarse-grained level (counting, e.g., only every twentieth
monomer) should be approximately Gaussian. But a Gaussian distribution
is exactly the result of exponentiating [ r]. Also, the d-function in J[r]
represents the relevant part of the short-ranged interaction. Accordingly,
writing it into the exponential is a symbolic notation. The J-function there-
fore should be read as either a smoothened exponentially decaying function
or as exp[ —ul“6%(r)] =1 —ul“5%r) in a virial expansion.

In the continuous chain limit /— 0, N — oo, S = NI? fixed, the model
(2.1) becomes identical with the Edwards-Hamiltonian. One then needs to
pay additional attention to keeping #[r] well defined.

The model (2.1) is already on the critical manifold as defined in the
introduction, because the length scale / of the description is already chosen
so large, that irrelevant contributions like the stiffness on short scales or a
three-segment interaction are eliminated. The length scale can be increased
further by integration over the degrees of freedom up to the scale /. The
new model is again characterized by only the two parameters N and u, now
adjusted to the new length scale /’. Starting from any u >0, u asymptoti-
cally reaches a stable fixed point for sufficiently large /'. At a fixed point of
u linear scaling laws can be derived, such as the radius of gyration scaling
like N, etc.

Clearly the very structure of renormalization implies that the change
of the model parameters under a change of / must be independent of the
physical quantity considered. The joint structure of (1) the parameters
absorbing the same microstructure under RG flow in all expectation
values, and (2) the models reaching a low-dimensional critical manifold
under RG flow, is called renormalizability. Note that the existence of a
fixed point within the critical manifold is not required.

That the equilibrium properties of effectively repulsive polymers in
dilute solution are renormalizable to all orders of perturbation theory and
therefore universal on large length scales can be proven by transforming
the model (2.1) to field theory. A Laplace transformation over the chain
length N maps the Green’s function of the model (2.1) for a single chain to
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the Green’s function of a ¢* theory. The combinatorial prefactors of the
diagrammatical expansion of the ¢*-theory have to be evaluated with the
number of spin components n formally equal to 0. The ¢*-theory has been
proven to be renormalizable to all orders of perturbation theory. The
relevant parameters of a ¢*-theory transform back into polymer language
into exactly the model (2.1). The coupling u in (2.1) is identical with the
coupling u of ¢*-theory. The mass m of ¢*-theory is the conjugate quantity
to the chain length N under the Laplace transformation.

Knowing this connection, one also can work directly in polymer
language. For polymer statics this is a matter of convenience, while for
polymer dynamics this will be the only choice, since there we know of no
renormalizable dynamical field theory to which we could transform.

2.2. Some Features of Polymer Statics in Quenched Disorder

We now incorporate quenched random potentials into this standard
model. Each segment tests the local potential, and the chain configurations
get an additional statistical weight according to the total potential exerted
on the chain. Mathematically this is done by adding to the Hamiltonian
the term

N
HLr, in]=Y, V1) (23)
i=1

We assume a local Gaussian distribution of the potentials

Vl(r)]

PV]=N exp|: —J dr T

(24)

and we will prove in Section 3.4 that (2.4) is the relevant contribution of
any distribution of finite, short-ranged correlated potentials (of course only
if the distribution is translationally invariant).

(Note in comparison that for a so-called directed polymer in quenched
disorder the excluded-volume interaction term s [r] is missing and the
random potential is independent for each segment, J[r, ¥(r)]girpo. =
2 Vg, 1), Vi, i) V(x;,j) 0y o(r;—r)).)

We will now first discuss the static properties of polymers with the
Boltzmannian weight

P[] = & exp{ — 4[] — H[1] — H[x, V(1)) (25)

since any polymer dynamics in quenched random potentials should contain
this static model as a closed substructure. We summarize in the remainder
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of the section our earlier discussion of quenched static expectation values
in ref. 11 and especially ref. 2 (which see for further references).

One has to distinguish quenched or annealed averages. Annealed
averages correspond to fluctuating potentials. The averaging over disorder
then is done together with averaging over the chain configurations. This
yields simple Gaussian integrals, which can be fully evaluated. As a resuit
it is found that annealed averages are equivalent to the theory without ran-
dom potentials with only the couplings replaced such as

U—wi=u—v (2.6)

In other words: The theory without random potentials (2.1) has the two
parameters (u, N}, on the scale / and the theory with fluctuating random
potentials has the two parameters (w, N),. The shift of the coupling can be
interpreted such that averaging over the potentials generates an additional
attractive interaction. Therefore the chains collapse earlier, resp. the @
temperature is higher due to the fluctuating potentials."'¥ The mathe-
matical structure above and at the collapse, however, is identical. Below
the @-temperature for u <0 as well as for w<0 the connection to field
theory breaks down and the behavior becomes nonuniversal.

Quenched averages apply to frozen-in potentials as will be dealt with
in the present paper. In this case it is not the partition function that has to
be averaged, but the free energy. Usually this average is difficult to treat.
In the present case we observe, however, that quenched averages at zero
segment density are identical with annealed averages, because the partition
sum in the denominator is self-averaging. This property is specific to
quenched potential averaging for geometric objects at concentration zero
and differs from the behavior of field theory in random potentials, resp.
with fluctuating masses, where the free energy can be self averaging, but
not the partition function. Self-averaging of the partition function for lattice
polymer models has long been known in the Monte Carlo literature. A
rigorous proof for certain lattice models can be found in ref. 8, though
there erroneously attributed to Harris.!!*’ The extension to general models
can be found in ref. 2.

We conclude that for static expectation values of a finite number of
chains of large, but finite length in an infinite embedding volume, quenched
and annealed averages coincide and differ from the theory without poten-
tials only by the shifted couplings (2.6). Especially u and v do not play any
distinct role, but add up to only one coupling w. (The same is true also
for all higher order couplings, resp. higher order moments of disorder,"'*
which are irrelevant, however.) In dynamics, in contrast, the coupling
v will play a separate role beside the static coupling w, as will be shown
below.
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2.3. Introduction of the Dynamic Model

We first extend the static model of Eqs. (2.1) and (2.3) by another
contribution to the Hamiltonian:

ReuLr]
tr] = 2.7
Hr1==55 @7
It harmonically binds the center of mass of a polymer
N
=— 2.

to the origin. &4 can be interpreted as proportional to the available part of
embedding space. & is always assumed to be much larger than any other
length scale.

Hzlr] in (2.7) is introduced mainly for technical purposes, since it will
regularize the center-of-mass motion in Section 3.2. It is also useful for
discussing the zero-segment-density limit of the last section quantitatively
as well as other useful limits of the theory.”®

Accordingly the total Hamiltonian to be considered below is

H[r, V]g=H[r]+ A [r] + A [x, V()] + Ar] (2.9)

with Egs. (2.1), (2.3), (2.4), and (2.7). Note that this Hamiltonian is dimen-
sionless when r;, / and £ are chosen of identical dimension and u, V(r), and
v are dimensionless.

Now a Langevin dynamics

0 _ oA [x(t), V],
at I/l(t) < - al',-ﬂ +.fl,u(t)> (210)

is introduced. Equation (2.10) can be understood as an overdamped equa-
tion of motion: The displacement of a segment is proportional to the sum
of a deterministic plus a thermally fluctuating force.

Had we additionally introduced a mass term with a second time
derivative of r;, (1) on the left-hand side of (2.1), we would have found that
by power counting arguments similar to those discussed in Section 3.4, this
term is irrelevant in the RG sense on large scales, as long as the term with
the first time derivative is present.

Within the approach of Eq. (2.10) it is consistent to assume the thermal
forces f;,(1) to be short-range correlated in the intrinsic metric / of the chain
and in t1me ¢t and independent in the Cartesian components u. The
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relevant contribution of such a distribution of random forces is represented
by a Gaussian ansatz

,y N d
Q;[f]=mexp[—zjdr y ¥ ff#(t)] (2.11)

i=1 u=1

as will be shown in Section 3.4. The variance of the distribution (2.11) is
determined by the dynamical equation (2.10) and its connection to the
Boltzmannian equilibrium ensemble exp( —#[r(¢), V]:), {(2.9), through
the Einstein relation. Then 2dy is the diffusion constant of an independent
segment. For #[r(t), V]:=#[r(t)] the model reduces to the Rouse
model of polymer dynamics.

As already discussed in the introduction, a dynamic model without
hydrodynamic interaction frequently is considered as only a first step
towards a more realistic dynamics, which also should take the dynamics
of the solvent into account. For semidilute solutions, on the other hand,
it has been argued that hydrodynamic interactions are screened by the
interpenetrating segments of other chains, such that a model without
hydrodynamic interactions then actually is consistent with experiments.‘®’
Similarly we can argue for the random potentials: If we assume that the
flow of the solvent due to the displacements of the chain segments in a
random potential background adds up to some random force, we are back
to the model characterized by (2.10) and (2.11).

As far as the dynamics of the polymer is concerned, our model is on
a similar footing as reptation theories, which also are based on a Langevin
description of the segment displacements and neglect hydrodynamic inter-
actions. Reptation approaches and our local random potential model differ
in how the random medium is modeled. Reptation models focus on the
topological constraints due to the random medium, which are assumed to
confine the polymer to some average tube. Our model, in contrast, concen-
trates on the local energetic and entropic effects due to the medium as
already discussed in the introduction.

Within the class of local random potential models no further
approximation schemes are required, since our model can be dealt with by
renormalization group methods. It represents the universal content of any
local random potential theory on scales much larger than the microscopic
length scale.

3. THE DYNAMIC GENERATING FUNCTIONAL

So far we have discussed the motivation for treating exactly this
model. In the present section we derive the tools of the analysis.
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We analyze the model by renormalization group (RG) methods, while
it is actually not clear whether the model is renormalizable. The calculation
therefore serves two purposes: for the verification of the renormalizability
hypothesis to one-loop order, and for the derivation of quantitative results.

Having the successful extension of static ¢*-theory to various dynami-
cal models in mind, this procedure will be imitated here for polymer
dynamics. The method of dynamic generating functionals will be used in
the form derived by Bausch eral'® It was used earlier for polymer
dynamics,'®? but the precise tools as represented in this section and needed
in the following ones have not been available so far.

The program of the section is in close correspondence to ref. 15:; First
a dynamic generating functional is derived from the Langevin equation and
the distribution of thermal random forces. Then the free theory (u=0=v)
is exactly diagonalized. It is also known as the Rouse theory of polymer
dynamics. Then a perturbation theory in the couplings is set up about this
free theory. Finally the continuous chain limit and the relevance of the
parameters in the RG sense are discussed and a short reminder on the
e-expansion technique is included.

This establishes the tools for analyzing various correlation functions in
the forthcoming sections, which can be calculated by fixing the external
generating fields appropriately.

3.1. From the Langevin Equation to the
Generating Functional

The notation of the Langevin equation (2.10) can be made more com-
pact by writing r for the (dx N)-dimensional vector of a polymer con-
figuration (2.2), V, for the corresponding (d x N)-dimensional derivative,
and f for the random forces.

Just as in a dynamical field theory, we discretize the temporal
derivative into infinitesimal time steps 7 and find from (2.10)

r(t+1) —r(t)=

—a V. H#[r{t+1), V],
yT

—(1—a) V. #[x(2), V] +1(2) (3.1)

As usual we are free to choose a deliberately within the interval [0, 1]. The
value a=1/2 corresponds to the usual differential approach or the
Stratonovich calculus, while « =0 corresponds to the Ito calculus. Physical
observables are known to be independent of the choice of «, if the calcula-
tion is done consistently with one value of a.
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The Langevin equation (3.1) together with the distribution of random
forces (2.11) determine the transition probability 2(r(z+7)|r(t)),, . that a
given polymer configuration r(t) evolves into a configuration r(t + t) within
the time  in a given potential field ¥(r) and volume &“. To derive a formal
expression for 2, (2.11) is first discretized in infinitesimal time steps 7 and
linearized by introducing the additional Gaussian variable ¥

ZLH(1)]d™M(1)
=d"™(1) (yr/An)™" exp[ —ytf*(1)/4]

— d™(1) j dNE(t) (y1/2m) ™ @ 7 TR~ iR &) (32)

Then f(¢) is substituted by r(z+ 7) for fixed r(¢) by means of Eq. (3.1). It
is straightforward to determine the Jacobi determinant of the substitution
as

afult)
or(t + T)

6,6 BH[x(t+1), V]

iiYuv

yT oc Ory(t+1)0r,(t+7)
= (y7) N [exp{oyt VA [r(1+ 1), V1) + O(t>)] (3.3)

The choice of @ =0 reduces the determinant to a trivial factor of (yr) V.
In the sequel « =0 or the Ito calculus will be used.
The probability that a given configuration r(¢) transforms into another

configuration r(z + z) within time 7 thus is given as

P(r(t+ ) |(1) . e d™r(t+7)

dN~(t)

_d(INr(t+ )J. (2 )dN -yt[l"z(l)—l'?(l) 2(r. )y ] (34)
with
r(?+ r(t
B, 1)y =D o ), V1. (35)
yT

The subscript V, £ is used to indicate that the transition is calculated within
a fixed potential configuration ¥(r) and embedding volume &7,

The temporal evolution within each potential configuration is
Markovian. The transition probability within the finite time 7= Mt there-
fore can be derived as

822/82/1-2-13
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M—1
P(x(t+ T K vg=[ T] d™e(z+mr)

m=1

M
x [] 2(e(t+mo)|r(t+(m—=1) 7)) (3:6)

m=1

or in the continuous time limit as

P(t+T)|x(1)y, e
t+T)
=j d[r, ]
[{§2]

xexp { -f '”ydr[ﬂr)—ii(r) (%%w,ff[r(r), V]e)]} (3.7)

if expressions are understood in the a=0 discretization. For a =0 the
normalization of the integration measure d[r,¥] consists of powers of
(2m)~" only. The probabilities (3.4)-(3.7) are then properly normalized.

One now couples external fields linearly to the fluctuating variables
and averages over the fluctuations. The result is called the dynamical
generating functional and is written as

Z,[h,h] =Id[r, f]exp {—J dr [y —if(k + yV,#[r, V];) —i(hr+ﬁf)]}

=<exp {ijdz(hr+ﬁf)(t)}> (3.8)

The angular brackets denote the average over the thermal forces, resp. over
the variables r and F. The lower index 1 in Z,[h, h] denotes a functional
for one chain. We later will also deal with a functional for two chains. The
external fields h and h can be chosen freely according to the problem. Three
different choices will generate three different correlation functions, which
will be discussed in the next sections.

We now set up the general framework of perturbation theory. This
first of all requires us to analyze the Langevin kernel

ax(r)
<y8t

+ V. #[x(1), V]c->

We find

a‘%[r] — 2’.1;4 —Fi_ I Fiy 1u

or 2]2 (39)

iu
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and
0AZ[r] _ Romu
6r,-,, - ch NZéZ Z (310)
if we formally use
fp=r, and Tnii=TIn (3.11)

The contributions (3.9), (3.10), and 3,r are linear in r and can be treated
exactly. They constitute the free diagonalizable theory. This theory up to
the finite-size term (3.10) is the so-called Rouse theory of polymer
dynamics.

The other two terms of the Hamiltonian will be treated perturbatively.
The excluded-volume interaction leads to

%=iu1d z ddp efPly— )
ari/l ari.u I<j<k<N (zn)d
N
—ul Y jip},e"m"—'ﬂ-’ (3.12)
k=1k#i"P

The random potential contribution is

0K[r, V]

1110 %[ cimyripr [ i) 13
P

in 1;1 j=1"P

with the Fourier transformation

) ) d(lp
F - d ipr _ —lprVF = . 4
Vip)i=[drer e, vo=[ emrvie) [ =[50 614
The complete V-dependent expression in the exponent of (3.8) is

— [ dt (~iFy v, [x, VD)
_yjdtzj (pF,(1)) e POV F(p) = jVF(p Fl—p) (3.15)
with

N
CF(—p)=~[ydt 3 (pin) e~ ™= —C™(p)  (3.16)
i=1
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Averaging 2,[h, h] with the potential distribution (2.4), we find
Jatriatvies {-[ vie cr-p)
=exp {%vl"jp C(p) CF(—p)}
=exp { —~ ol jp |CF(p)|2} (3.17)

Obviously, quenched averaging can be performed here without problems,
as is characteristic for dynamical functionals.

Note that (3.17) is bounded from above for any positive second
moment v, i.e., in the physical parameter regime. This is in contrast to the
disorder average of the static weight (2.5), which is not bounded for
w=u—v<0.

The potential averaged generating functional now can be written as

Z,[h, b =j d[r, i] exp {—SO—S‘,"+ifdt (hr+ﬁi)} (3.18)

The free action is

J ~ o [ 2t — i Remlr]
So=|dr ¥ <yr,.—zr,.<r,.+y TR SR >>(z) (3.19)

i=1
and the interactions take the form

N

SP=[wydt Y (pF (1) e
p

L=l

N
+i[ vt prarde Y (BE(0) (BE, (1)) O (3.20)
p

ij=1

In the last formula the very different character of the two interactions should
be noted. This is again in contrast to polymer statics: In Section 2.2 we
recalled that polymer statics in the appropriate limit has only one coupling
w=u—v, while here the two couplings appear with a clearly distinguished
temporal dependence. This can be understood on physical grounds:
Segments avoid each other when they are at the same place at the same time.
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A time-independent local potential, however, becomes effective whenever a
segment comes to the site of the potential. Averaging over the potentials
thus generates an effective segment—segment interaction, which is local in
space, but nonlocal in time.

3.2. Diagonalizing the Free Theory

The free part S, of the generating functional (3.18) can be
diagonalized by introducing the standard Rouse coordinates. We define the
orthogonal transformation

N N
Slt) =Y, Opr(t), S ()= OnFu(2) (3.21)
i=1 i=1
with the transformation matrix
1\
<N> fOl’ k =0
Oki = 2 12 2i—1 (322)
(X’) cos (nk N > for k=1,.,N—1
N-1 N
Z Okiokj=5ija Z 0404 =0u (3.23)
k=0 i=1
Thus
Fil Z Oy 5i,(1), etc.
k=0

Obviously the eigenmodes s, emerge from a Fourier analysis with respect
to the intrinsic metric { and with the boundary condition (3.11). The k=0
mode is the center-of-mass mode with

so(t) = ‘—1\/_r(t =/NR.[r(0)] (3.24)

If we 1urthermore also transform the external fields

N
Hk/l Z Okl l[l(t) ﬁky( t) = Z Oki Ei}l(t) (325)

= i=1
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the generating functional of the free theory transforms into

Z,[h, Ko = [ dls(0),5(0)]

N—-1 d
xexp{—Jdt Y 3 [yf,zm—iEkﬂ(6,+wk)skﬂ](t)}

k=0 u=1
N-—-1 d -

X exp {ifdz Y ¥ [Hk,,sk”+Hk,,§k,,](t)} (3.26)
k=0 u=1

with the energies

“’°=Ny¢2 (3.27)
2y ., ,mk .
wk—ﬁsm N for k=1,.,N (3.28)

After a Fourier transformation in time [ f(¢) = { dw/2n exp( —icwt) fF(w)],
the generating functional (3.26) is diagonal in &, x, and . Its exponential
is quadratic in §7 (w). Thus the Gaussian integration over §r(w) can be
performed. A quadratic exponential in 57, (w) results. Now also s7,(w) can
be integrated out. The result is

Zi[h b,

_ do™S' & (yHi(w)Hi(—0) Hf (o) HE(-w)
—eXp{—f > Z( T )} (329)

(3.29) can be Fourier transformed back to r-variables

N—-1 d
Q’l[h,ﬁ]f,:exp(—%jdtdﬂ Yoy Hk,,(t)Gk(t—t')H,q,(t’)>

k=0 p=1

N—-1 d
xexp<—jdtdt' Yy ¥ Hk,,(t)Rk(t—t’)F[k,,(t')> (3.30)

k=0 u=1

We introduce the Green’s function

dw 1 )
Gt) =7 s e—""'=wlk e~k (3.31)
and the response function
do 1 )
R HN=—| — —iwt _ J —wpt i
(1) J.27z . i0() e (3.32)
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Obviously
0G,(1)

Ry (1) =06(1) iy ot

(3.33)
holds.

The O-function is required to appear in (3.32) for fulfilling
causality.'> ') Note, that causality here automatically holds, since the pole
o+ iw, lies in the lower half of the analytic plane. The convergence
requirement leading to the closure of the path of integration in the upper
or lower half of the analytic plane can be traced back to the Langevin
kernel (0, + w,) converging only for t>0 as long as w, >0. It is a direct
consequence of the original Langevin equation, which relaxes in the
positive time direction.

Note further that we used w, > 0. This would not hold for the energy
@y, (3.27), of the center-of-mass mode in the limit of infinite volume
&9 — o0. We have circumvented the problem by regularizing the k = 0 mode
via the harmonic potential (2.7).

The connection of the Green’s and response functions to expectation
values can be established as usual by the observation that G,(t—¢') can be
derived from (3.30) by

52
—léﬂkp(t) iéHk'u(t,) H=H=0

G (t—1") Z,[h k], (3.34)

Applying these derivatives to the representation (3.26) of %;[h, h],, we
find

(il 8) 81, (1') > 0 = Opae 0, Gilt — 1') (335)

and similarily

(Sl ) Siee(') > 0 = Opae 0 Ri(1 = 1') (3.36)

For symmetry reasons [cf. (3.8) and (3.26)], the following relation holds:

)0 =0= {8t} 0 (3.37)

The subscript 0 on the angular brackets as well as on the generating
functional refers to the free theory.

Now the value of @(0) in (3.32) is still undefined. Inserting the identity
(3.36) into the time-discretized equations, we easily derive

0(0)=a=0 (3.38)
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The generating functional of the free theory can finally be written
in terms of the segment coordinates by reversing the transformation
(3.21)-(3.25):

Zi[h, E]o_exp<—-jdzdz S5 hl) Gylt— ) byl )>

ij= 1/1—1

xexp<—jdtdz' y zhiﬂ(z)RU(t-z')E,,,(z')) (3.39)
Lj=1 p=1
with
N—-1

Gy(1) = Z 0101 Gi(t) = (r(t + 10) 1 (16} Do (3.40)

0G ;(1)

R;(t)= Z 00 Ri (1) =0(1) iy o1

k=0

(341)

The eigenmode representation of G and R is denoted by one and the
segment representation by two subscripts.

3.3. Perturbation Expansion in the Couplings

Now the remaining part of the action (3.20) due to the interactions u
and v needs to be rewritten. First the exponential function exp(—S$") in
(3.18) is Taylor expanded. Then it is a standard procedure to replace 7,,(¢)
by the functional derivative 5/15/1,,,(t) The equivalence can be read directly
from (3.18). The treatment of r,(¢) is nonstandard, because it still is
exponentiated after the Taylor expansion of exp( —S‘,"). Now the observa-
tion is helpful that the coefficient p, of r,(¢) appears in (3.20) in the very
same way as an external field #,,(7). It therefore can be taken into account
by simply adding additional internal fields, which are integrated over. For
distinction from these additional internal fields, the external fields, which
determine the physical properties of the generating functional, will be
denoted by hg, or ﬁ‘o) below. The perturbation theory is then expressed as

— 1
Zi[hey, hio)] = Z . H (—=S¥a)
m=0""""
N d
xexp<—§jdrdz' Y Y A Gij-(r—r')hj;,(r')(,,,)>
Lj=1 u=1

N d
xexp<—jdrdz' Y Y Au®om Ry(t—r’)hj-,,(r’)(o,>
ij=1 u=1
(342)
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with
1 N
ay _ d 2 '
Sl(a)—szal iu.§=ljy dt"dt”
0 ta'—t'a . . '
x {u—(y—) [2(i,, Pos te) + R Jos —Pos )]
— 0 Rl Dor 1) B ~ Do t:,)} (3.43)
and
d 6
R, p, )= Y, Pu———
umr L i0RL(1) 6,

N d
=Id‘[ 2 Z (P hp(T ) IRt — 1) = —R(i, —p, 1) (3.44)

j=1 u=1

and the external and internal fields

hi;:(r)(n1)=,1i1l(t)(0)+ Z pu'y [5,-,'05(7-"'10)—5,)-16('[—[’0)] (345)
1

ag=

In (3.43) additionally the segment summation in the « term has been split
into a symmetric sum of two #’s. In this way the constraint i #j in (3.20)
can be dropped, as can be verified by inserting the last identity of (3.44).

The extension of this aparatus to problems with more than one chain
is straightforward and summarized in Section 5 in Egs. (5.2)—(5.5).

3.4. The Continuous Chain Limit, the Relevance of
Parameters, and the e-Expansion

The continuous chain limit is the limit of vanishing segment length /.
It represents one specific microscopic model, which should represent
physics on large length scales just as well as the discrete model discussed
so far, if universality holds. However, it simplifies the analysis in two ways.
On one hand we will use a dimensional regularization scheme rather than
a cutoff regularization in the RG analysis. An g-expansion is obscured by
additionally keeping a microscopic length scale in the calculation. On the
other hand in the present section we want to analyze the relevance or
irrelevance of the parameters of the theory at the Gaussian fixed point of
RG flow. This is done by analyzing their canonical dimensions. Such a
dimensional analysis most naturally can be performed in the continuous
chain limit.
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From the analysis of the Hamiltonian (2.9) one can derive that the
limit of /— 0 requires the introduction of the following continuous chain
parameters:

S=NI?, s=il?

. Sds N X
t(s, 1) =r;(1), L) 7 +(9(§>=i§l--- (3.46)
f=2(4n) P ul4-* (3.47)
Vi)=Wr) 172, §=2(4n)~ " vl~* (348)

The numerical factors 2(4m) ~%? are introduced for later convenience. Inser-
ting the Hamiltonian into the dynamical functional (3.18), one furthermore
has to replace

Hs, 1) =F, () 72, F=pl? (3.49)
figs, 1y =2l B, =l (3.50)
e ¥

Rewriting the action in the continuous chain variables, the / dependence
vanishes completely except for the correction term O(/%/S) = O(1/N) due to
replacing the sum over the segments by an integral. This correction can be
neglected for N> 1. We find

9t(s) 0%#(s)  Reml#]
o9t 205 | S&2

—Sy—5i = —jﬁdzjsds[%(s)z—i?(s)(
)]

a(4m)??

S
t | s aip(E(s) —B(s")) d. : o aip(E— ()
L ds sze J’drV(r)szep >
— i(h(s) #(s) + ﬁ(s) ?(s))] (1) (3.51)

Note, however, that in this limit we will encounter the RG specific
singularities in evaluating perturbation theory.

We now discuss the relevance of parameters by analyzing their dimen-
sions in the unrenormalized theory, i.e., at the trivial fixed point in the RG
sense. The continuous chain variables in (3.51) are dimensional quantities.
One immediately finds, that (§¢)'/4, 5!, §'2 and ¢ all have the dimension
of a length. The system size ¢ will always be assumed to be much larger
than the chain size /S,

E>S (3.52)
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The diffusion length (£)'/* requires that we choose a special value of 1,
which can only be fixed by the external fields. It is therefore a natural
choice to measure all length scales on the scale of ﬁ as the intrinsic
parameter of the model. We then find the following dimensionless com-
binations:

1=[$tS72) =[S~ =[1(s, 1) S¥*]
=[i(s, ) §7'*]=[p S'"]
=[5 =[P(r) S]=[h(s, 1) S7?1=[h(s, 1) S¥]  (3.53)

where ¢ =4 —d. Analyzing the relevance or irrelevance of parameters at the
Gaussian fixed point is now straight forward. A perturbation theory in the
excluded-volume coupling & necessarily evolves in the dimensionless
parameter 4S*?=2(4n)"“*uN?~“? For 4—d=¢&>0 this perturbation
obviously is relevant, since the parameter 452 increases with chain length
S. A similar analysis yields, that an n-segment interaction would evolve in
powers of 4, 8" ~"~V42 For d>3 only the 2-segment interaction u, =1 is
relevant.

We now extend our analysis to the two distribution functions Z[ V],
(2.4), of the quenched random potentials and Z/[f], (2.11), for the random
thermal forces. We have claimed that for short-range correlated potentials
or forces the Gaussian ansatze (2.4) and (2.11) represent the only relevant
contributions and will prove this now.

First we treat 2[ V]. The part of the action to be averaged over V(r)
reads

Jd"r P(r) C(r)
with
S
=_|9 2 ip(r —(s.1)) )
ér) jydt L ds L(pr(s, 1) e'® (3.54)
We conclude that
[C(r) S+ =1 (3.55)

Averaging over arbitrary local distributions of P(r) generates terms like

5, j d én(r)
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for arbitrary n. Inserting (3.55), 4,S" "~ V2 immediately is found to be
dimensionless, i.e., the moment 6, has the same dimension as the coupling
4, for given n. This also could have been concluded in a shortcut from the
observation, that C(r) has the same canonical dimension as ¢*(r) in a
static ¢* theory or as the segment density p(r, )= {§dso(r —i(s, 1)).
Accordingly, in d >3 only ¢, and 7, are relevant. #, as the first moment of
the potential represents a global shift of the energy scale, which in expecta-
tion values calculated in our present canonical scheme simply cancels.
§:=10, is the relevant disorder coupling to be kept in the sequel.

Now we analyze Z[f]. For short-range correlated forces one can
think of corrections in powers of f%(¢). A possible ansatz could be

Zepl ]
=exp{—fydt[%Zf,?(t)+aZ(f?(t))2+ﬁZf?(t)f}(t)+---]} (3.56)

In the continuous chain limit the parameters and variables have to be
replaced by
fi(1) ;

f'(s,t)=i[2, d=al’, f=p (3.57)

The dimensional analysis then yields
1=[aS31=[f5"2] (3.58)

The corrections « and f and further ones of higher powers of f(¢) are thus
irrelevant.

We conclude, that the model introduced in Section 2 contains all
parameters which are relevant in the RG sense at the Gaussian fixed point
at dimension 4> 3. The model therefore can be characterized by the four
relevant parameters (S, 7, 4, #) for ¢ —» co. In other words: These four
parameters span the critical manifold in which universal laws will be
derived.

We finish the section with a short reminder on the e-expansion techni-
que which will be used in the sequel. As outlined in the introduction and
in Section 2.1, integration over the microscopic degrees of freedom up to
some arbitrary scale / yields effective parameters on this scale, the renor-
malized parameters. Renormalizability implies that the microstructure up
to I can be completely absorbed in the renormalized parameters, and the
theory can then be completely rephrased in terms of the renormalized
parameters on the arbitrary scale /, in an identical functional structure. RG
thus establishes the connection among equivalent theories defined on dif-
ferent scales.
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In the continuous chain limit the microscopic scale of the bare theory
a priori is lost, but the information needed for a construction of the RG is
saved in the divergencies of the theory as the dimension tends to the upper
critical dimension. They take the form of poles in ¢ =4 —d, which have to
be absorbed into a multiplicative redefinition of the parameters of the
theory: Since to lowest order the renormalized parameters are proportional
to the bare parameters, they can be written as proportional to the bare
parameters times Z factors, which absorb the contribution of the perturba-
tion expansion of the integrated microscopics. For polymer statics one
writes more precisely

@(lp) Ix* =0 Z; (@),  Sellr)=8Z;'(i(lg)) (3.59)

[ The perturbation expansion requires a dimensionless coupling constant. u
was introduced as dimensionless in Section 2.1. Thus # in (3.47) has dimen-
sion S %2 and i(lg) is the renormalized dimensionless coupling constant
on the scale /5.] The Z factors are Taylor expandable in the couplings of
the theory. The coefficients of the expansion depend on & We will use the
minimal subtraction scheme in absorbing only the principal part of a
Laurent expansion in ¢ in the Z factors. Then, e.g., Z (#a(/z)) reads

Za(lg))=1 —@+ o) (3.60)

4, THE CENTER-OF-MASS MOTION

With the mathematical tools derived in the last section, we now will
calculate physical expectation values to first nontrivial order of perturba-
tion theory (one loop). In this section we consider the center-of-mass
motion and in Section 6 the internal modes. Besides these quantities,
expectation values of two or more polymers are also of physical as well as
mathematical interest. Such a quantity will be discussed in Section 5. These
calculations also are best for the RG analysis.

4.1. The Tree Approximation

Consider the external field

Bl Pom = — 34 (8(1 =) = 8(¢' 1)) (4.1)
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Inserting it into (3.8), we find

ﬂ‘l[h E:O] =<e"iq(Rcm[l'(’)]—Rcm[r(lt)])>
cm ? -

=J\ddre*iqr<ad(Rcm[r(t)] _Rcm[r(t,)] —I')>

=:9.(q,1=1) (4.2)

It yields all moments of the distance the center of mass of a polymer dif-
fuses within time ¢ — ¢', since it is the Fourier-transformed distance distribu-
tion function.

The tree approximation, i.e., the contribution of the free theory, is
found by inserting the external field into (3.39). If we further use (3.27),
(3.31), (3.40), and the property

N N
Y 0u=+v/N Y 040,=/N (43)
i=1 i=1

of the orthogonal transformation matrix, we derive

gl[hcm’ ﬁ E0]0 =exp( -quz{ 1 —CXp[ 4 ‘t_ tli/(Néz)]} ) (44)
On the other hand, by means of (3.24)-(3.26), (3.35), and (4.3) we find

2, [hens B =0To =8 { = L CRanlx(0] = Ren K170} (45)

The subscript 0 always refers to the free theory.
In general the second moment can be derived from (4.2) as

Rz(t) = <(Rcm[r(t + fo)] - Rcm[r(to)])2> = —Aq |q=0 gcm(qa t) (46)
In tree approximation this second moment is obviously
RX(1)g=2d E¥(1 —e =712 (4.7)

Here we introduce the notation
(4.8)

y/N refers to the discrete chain and §/S to the continuous chain limit (3.46),
(3.49).
In (4.4), resp. (4.7), two limits can be distinguished:
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(i) For I'|t] &% R¥(t), reads

RX(1)y=2d Tt {1 +0 <r§"')} (4.9)

2dI" |t| therefore can be identified with the free mean square diffusion
length of the center of mass within time z. The corrections to free diffusion
due to the finiteness of the available embedding space ¢¢ are not yet
important.

(i) For I'|t|» &% on the other hand, the temporal correlations
decay and the center-of-mass positions equilibrate independently in space
&9 yielding

R¥(t)o=2d &{1 — O(e =11/} (4.10)

The last equation allows us to discuss the question of whether the
calculation is performed in thermal equilibrium. If no initial condition is
specified at any finite time, the calculation implies any initial condition at
time /= —o0. At any finite time the system is thus in thermal equilibrium
if all relaxation times are finite. But the largest relaxation time is that of
the center of mass [cf. (3.27) and (3.28)]. For I' |{| » &2, therefore, equi-
librium is reached generally. We call this limit the ergodic limit.*) (Strictly
speaking this property should even be called mixing.)

4.2. Perturbation Theory

Corrections to the trivial result (4.7) necessarily involve the disorder.
Indeed, the equation of motion of the center of mass can be derived directly
from the Langevin equation (2.10) as

G, 1 X0 e _ Joovr) &
9 e v 9 — Kem . 4.11
at Rcm./l Nigl at rul r< Z ar + Z f;ll) ( )

i=1 in i=1

When summing over i, the contributions of the chain structure #[r] and
the excluded volume interaction #[r], (2.1), exactly cancel. The center-of-
mass motion is not influenced by the internal interactions of the chain as
long as the extetnal potential F(r) vanishes. This also can be proven
diagrammatically: All contributions proportional to u" in 9,..(q,?)
exactly vanish. Only contributions of v or mixed ones of # and v in higher
order perturbation theory survive. The v terms are the fingerprints of the
non-Markovity of the process after ensemble averaging: In the construction
of the generating functional in (3.6) we have used the fact that in a single
sample of the random potential ensemble the process is Markovian. Trans-
lational invariance, however, is broken. So we cannot expect free diffusion
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as in (4.9). After ensemble averaging, translational invariance is restored up
to effects of order of &, but now the process is non Markovian in time as
can be seen, e.g., in (3.20) or (3.43). The center-of-mass motion probes the
non-Markovity of the ensemble-averaged process.

This effect will now be calculated to one-loop order. We use a mixed
notation of segment Green’s functions G;(t), (3.40), and the center-of-mass
mode function Gy(1), (3.31), for k=0. Due to (3.22), (3.40), and (4.3) they
are related by

G 1 X 1
2= L Gul) =g RelH(10)] Realx(+ 100D

=g2em 1A (4.12)

The last expression was derived by additional use of (3.27) and (3.41). It
is consistent with (4.6) and (4.7).
By means of (3.42)—(3.45) we find for t = ¢’

Gem(Q t— 1) 41
=Z\[hem, EE0]o+1
=exp[ —@*¢(1 —e "= "%)]

x<1+§f 1 ﬁ fw y2 dt, dt,

P Lj=1 "%

x {_pziRji(t‘z—tl)"'}j_:} [iRy(? _tl)_iRO(t_tl)]}

x {—pziR,-,-(tl —1t3) —% [iRo(? _tz)—iRo(t_tz)]}

x exp{ —p°D;(1, —1,)}

X EXp {" % [Golt' — 1)) — Go(t' — 1;) — Go(t — 1) +Go(f_tz)]}>
(4.13)

The subscript 0+ 1 on 9,,(q, t—t') denote the zeroth and first order of
perturbation theory. In (4.13) R;(0)=0 due to (3.38) has been used, as
well as the short-hand notation

_ G;(0)+ ij(O) —2G (1) _ L+ 1) — rj(to))2>o

D.(8):
i) 2 2d

(4.14)
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We now use the invariance under the exchange (i, p, ¢,) < (j, —p, ¢,) and
the representation of the response functions as products of @-functions
times derivatives of Green’s functions (3.41). We also insert the explicit
form of Gy(t), (4.12). We can partially integrate over the smaller one of the
times ¢, or ¢, to find for ¢t >0

Gl Do+ 1/%m(Q, Do

N -t
=1+ DJ Zd(pq)zf’rdte—ﬂ:—r)/éz Z e~ PN Jd I de erasinne)
P 1} 0

ij=1

' 2 (Sds,ds;
_ A 2 _ru—oye P9y oy —1—dp2
1+dq L[‘dre L 4 Dy(1)
Q*(1,1,7)

XJO I'dr <1+ 2D, (<)

) LT V(ADy(0)) (4.15)

where

M(t, T, T') =C2 (1 _e—l'r/.:-’-) (e—l'r’/g'z_e—F(l—r—r')/fl)

In the last expression continuous chain variables are introduced.

In the analysis of this result it is essential to know the long- as well as
the short-time properties of the distance function D;(¢), (4.14). They are
derived in detail in Appendix A and here will be briefly summarized.

As one can expect from the last expression in (4.14), D (t) can be
shown to be a monotonously growing function both in time |¢| and in the
continuous segment distance |5, —s;| =|i—j| /*. For 1#0 it is found to be
furthermore growing monotonously in the variable |s;+s5;,—S|=
li+j—N|I? as long as s,, 5; are taken from the physical parameter space
$:,8;€[0,S]. The form |s;+s;— S| obviously has to appear in order to
treat both ends of the chain 0, S in a symmetrical way. Thus

0D (1)
a |t

D (1)
0 |(s;—S/2) £(s;— S§/2)|

=0

5i.3j = const

(4.16)

=0

|(si - 8/2) F (s;— 8/2)|.]7] = const

For t=0, on the other hand, D(0) depends only on [s;—s;|, and the well-
known result of polymer statics

D;(0)=|s;—s;l, D,(0)=0 (4.17)
is reproduced. The result (4.17) also can be derived directly from s#[r],
(2.1).

822/82/1-2-14
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In Appendix A a clearly distinguished short- and long-time
asymptotics of D;(r) is derived. The time scale discriminating between
“short” and “long” is given by the dimensionless time

Tl 9l
S S?

(4.18)

For T=((1), the mean square diffusion length 2dI"|?| of the center of
mass is of the order of the mean square radius of gyration S. For T> ¢(1)
the whole volume of the chain most likely has left the previously occupied
volume in space.

Also the slowest internal modes k= @(1) decay on this time scale.
(Only the center-of-mass mode has a longer relaxation time, namely
r'ltj=0(E%)>»S.)

For T> (1) we can use the long-time representation of (A.26)

Dy(ty=EX1—e~T1 4 g,
-S Y nzzkzrz"'z"zr/2 {cos <nksi;sj>+cos (nki';—s’>} (4.19)
k=1

since only few terms of the k sum contribute. Here

1 [s,—S2\> [s5,—S/2\2 2
cﬁ=*+<S, /) +<s, S/>’ l<cy<§ (4.20)

6 S S 6

For T> 1 the center-of-mass motion (4.6), (4.7) dominates,

_ 2
Dij(t)=<(Rcm[r(t)] 25cm[r(0)]) >0+(9(S){1+(9(e_n27/2)} (421)

For T<0(1), k modes up to k*T=@(1) contribute in (4.19). For
T — 0 in particular, the simple result of (4.17) must be recovered. Clearly,
therefore a more appropriate representation for 7'< 1 needs to be found.
Applying Poisson’s sum formula, we derive in appendix A that

5;—5; $;+; 28
(27 11DV27 (27 [e)'7* (29 11D

DA0=Q?MV“F< ) for (25 ]1))" <&
(422)
with
Fly,z, ) =yl+ Y (gy+vi)+g(z+vi))

v=—0

for 1=(2/T)2>0(1) and ¢*»S  (4.23)
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and
C_yz f
gy)=r1(y)—1yl, f(y)—ﬁﬂfcr y

2f(y)=29f"(p)—f"(»)=0

erf y is the error function. The properties of the functions g(y) and f( y) are
discussed in appendix A in detail.
For T <1 we have

(4.24)

D)= (25 12 Si—5; > ( 5+ > (s,--}-sj—2S>
=@ {1 () + () +e Capt
+ O(|T| e—l/(zm))} (425)

The function (2§ |¢])'? f((s;—s;)/(27 |¢])'7?) is the infinite-chain contribu-
tion, which was previously calculated by de Gennes!'” and used by
Martinez-Mekler and Moore,'” though not reduced to the form (4.24).

The g-functions originate from the chain ends. For ¢ — 0 they vanish
for almost all s, +s;:

i D;(1) B
10 (290) 2 f((s,— s)/(270)"P)

The infinite chain function has two well-known limits,

sy S8\ [1si— s for 1=0 4
(291) f<(2)7'1')1/2> {(2)71/75)1/2 for s;=s, @2

1 for fixed s;+5;#0,2S (4.26)

The t— 0 limit reproduces the static result (4.17) as required. The s;—s;
limit yields the well-known “z'* law” characteristic for the short-time
behavior of the internal displacements of a Rouse chain.

If on the other hand we also are interested in the behavior for larger
times, the g-functions must be kept, since they are the precursor of the full
function (4.22) or (4.19).

Note that for an infinite chain, which would be described by only the
f~function as in (4.25), the cross-over to the T > l-behavior never occurs,
since the mean square radius of gyration S is infinite. On the other hand,
for the center-of-mass motion %,.(q, t) of a very long but finite chain,
T= (1) discriminates between short- and long-time asymptotics.!" It is
thus a requirement of consistency to use the full function.

The knowledge of the function Dy(¢) allows for the evaluation of
Yem(q, )o+1 (4.15) in appendix B. Special attention is paid to the diver-
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gencies of the theory, since these are needed for the renormalization group
(RG) analysis, as pointed out in Section 3.4.

Here a short comparison of the relation of polymer statics or polymer
dynamics toward field theory seems in place. The transformation from
polymer statics to field theory essentially is based on two ingredients: on
one hand, the Laplace transformation

1
m+q?

N

j d|s,—s;| e~ 15— 5= Dy0) — (4.28)
0

maps the static polymer propagator to the field theoretic propagator. On
the other hand, in a diagrammatic expansion of polymer statics the chain
of length N factorizes in segment distances (4.17), each giving a contri-
bution like (4.28) after the Laplace transformation. The diagrammatic
structure of such a perturbation expansion is identical with that of ¢* field
theory.

On the one hand, comparing D;(0) with D;(¢) illustrates that there is
no obvious extension of the transformation (4.28) between the free
propagators of the static theories to a transformation between polymer
dynamics and any renormalizable dynamic field theory. In particular the
dynamic polymer “propagators” depend not only on [s,—s;| and |¢], but
also on |s;+s;—S|. The appearance of the latter term is a consequence of
the decomposition of the free chain dynamics into the Fourier modes with
respect to the intrinsic metric of the chain. On the other hand, the diagram-
matic structure is also quite different. In particular, polymer dynamics
“diagrams” do not order according to different segmentations of the total
arc-length of the chain, but involve rather an order according to the inter-
action times, as will be discussed in more detail in the next section.

Now we proceed with calculating ¢-poles. Before deriving the one
needed for the evaluation of Eq. (4.15), for comparison we first give a typi-
cal divergent one-loop diagram of polymer statics:

ars \—dj2 _ p Sds; pS—si —1+e2
§L ds, ds, D;(0) _ujo ?Li dm |m|

4+ 0(¢)
&

=1 8 (4.29)
S here is the infrared cutoff. The ultraviolet (UV) divergence at d > 4 could
have been expressed as dependent on a UV-cutoff /. In the limit of /- 0 it
here appears as an ¢ pole. The UV singularities, resp. the ¢ poles, then are
absorbed in renormalized parameters as in (3.59) and (3.60).

For the dynamic problem we will use the same RG scheme. The upper
critical dimension of the dynamical problem needs to be the same as in the
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static problem, since the same couplings are involved and the static sub-
structure has to be reproduced. Comparing the appearance of D (1) ="~
in (4.15) with D,(0)*'~“? in (4.29) at first sight casts doubts on the iden-
tity of critical dimensions. This, however, is compensated by the additional
time integral. The analysis is done in detail in Appendix B. It turns out that
the segment distance (s;—s;) needs to be rescaled with the time variable
(27 |t])'” as is suggested by (4.22) or (4.25). The divergence then appears
in (4.15) in the integration over 7 for 7=0. The basic integration to be
compared with (4.29) is

A o —1—dj2
vf Ide| ds;ds; Dy(1)

0 0

11l S ds. p(S—spi2Fr)?
_a ~ i a N (—2+¢/2)/2
_ufo ydrfo —SJ dy (2j7)

—sil(250)1R

< F (3 i+ Yo ,>/
@07 7 250
= o (min (29 12, s} HEAE (430)
with
1=j0°° dy f(y)~* = 3.587 (4.31)

with 3.587 from numerical integration of f(y), (4.24).

The singularity obviously originates from short time differences 7 — 0.
Furthermore one can convince oneself (see appendix B) that it is also the
short segment differences [s; —s,| < O((2§7)"/?) which mainly contribute to
the singularity.

The full e-poles of 4..,(q, )o..1 (4.15) are derived in Appendix B as

4..(q, ) =exp{ —q%¢* (1 —e =T}

x(l +6q°T |t e—r|,,,511(min{(2;3 |2])'7, §})7* + O(e)
€

) (4.32)

for 0<$ |t| < oo and &> S, a result which to the order considered can be
written as

9. (q,1)= exp{ _qzéz( 1 — e =Tl =1 6UR)1 +¢~(c))/e]/s’2)}

+ O(7%) (4.33)
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with I, e.g., chosen as (min{(27 |¢])'?, S})** and
o(lg) Iz =1 Z; (i(Ix), 9(Ir)) (4.34)

Clearly the pole must be absorbed into a renormalization of I’

F=FR(1R)<1+£5(IR)> (4.35)

whereas ¢ stays unrenormalized

E=Crllg) (4.36)

The latter feature had to be expected, since the system volume &¢ couples
to the center-of-mass position of the polymer, which does not depend on
the chain size and thus needs no renormalization.

The ansatz (4.35) is the essence of the renormalizability assumption for
the dynamic theory, since it implies that whichever quantity one might
calculate, each I" will be accompanied by the very same ¢ pole (4.35). For
polymer statics parametrized by S and u, resp. w, this structure is proven.
For polymer dynamics it now will be tested by calculating another expecta-
tion value with a very rich structure already in tree approximation.

5. THE CENTER-OF-MASS MOTION OF TWO CHAINS

In the last section we found the renormalization of & and I to one-
loop order. Even after implementing the known renormalization of the
static parameters w =2 — 9 and S (cf. Sections 2.1, 2.2, and 3.4) and under
the assumption that the dynamic theory is renormalizable, we still lack
information on the renormalization of #. Furthermore, it is desirable to
check the renormalization hypothesis by calculating other quantities
besides the center-of-mass motion.

In this section we consider a dynamical two-chain cumulant

2(q, 1 — ') = Cexp{ —iq(RELK(D] —RALA(ID} S (5.1)

with R”[r(¢)] being the position of the center of mass of chain number r
at time ¢. The superscript C for “cumulant” indicates that the two chains
are connected either by the excluded-volume coupling # or by ensemble
averaging and its associated coupling #.

%,(q, t—1t') is particularly useful, since it depends on § even in zero-
loop approximation. It is closely analogous to the second virial coefficient
of the static theory, which has been successfully employed to find the renor-
malization of the excluded-volume coupling #./"
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Furthermore, its structure in tree approximation is so complex that
calculating this quantity to one-loop order will yield the one-loop renor-
malization of all the relevant parameters. This allows for consistency
checks with polymer statics and the results of renormalizing the center-of-
mass motion in the last section.

For calculating properties of n chains, the apparatus of Section 3 needs
to be slightly extended to include more than one chain. The free theory
consists again of the chain structure s%[r], (2.1), the finite embedding
volume #[r], (2.7), and the external fields inserted into the dynamic
theory. The external fields, however, consist now of nx d x N components.
For distinction of the chains a superscript (r) is given to the external fields
(7). The free theory decouples in the chain indices r, ie., the chains are
independent. The excluded-volume interaction u as well as the second
moment of the potential v couple the chains.

Accordingly, Egs. (3.42)—(3.45) are generalized to the generating func-
tional for » chains as

gn[h(O)a E(O)]

[
M 8

pl[h(0)9 h(O)]m
m=0
© 1 m -
= Z m! l—[ (=S ey
m=0 to=1

Jdrd'c Z Z Z BT my Gt —T') BT )(m)>

r=1 i j=1 u=1

xexp< Jdr dr’ Z Z Z BT oy Ry (7 r’)ﬁl‘.;’(r’)(o))

r=1 ij=1 u=1
(5.2)
with
S(,:;)=—j > [y at,dr,
rorp=1 lg,jg=1

o(t,
X{ (y LR(rs, iy Pas t)+ R(rss jor —Pos ty)]

—v ‘%(ra’ ias Ps» ta) .@(r:,,ja,, —Po> t;)} (53)



218 Ebert

and

N d
A(r, i, p, z)=jdr Y Y (PuhT) ) iRt — 1) (5.4)

Jj=1 u=1

and the fields

hs';:)(r)(m)=h£‘;rx)(‘[)(0)+ Z pv;l [5rr.,6ii,5(f_ta)_érrt’yéij,,é(r_t:y)] (55)
1

o=

The two-chain function (5.1) can now be expressed as

in

9t )= 23| K0y = ~ 220, 80— 1) = 810l )), 0]

r dy
-2 [hi',,’(f)m)= _Nlérl o(t—1), 0]

x 2, [h(-r)(f)w) =350 1), 0] (5.6)

it

The free theory yields the time-independent result

2, [hm(f)(o)= a5 oe ), O] =R (57)

i
0
and in this approximation
15(q, t—1')o=0 (5.8)

The first-order perturbation theory %,,(q, t — ¢'}, contributes nonvanishing,
connected diagrams, the tree approximation. These diagrams are propor-
tional to either # or §. The second-order perturbation theory %,(q, 1 —1t'),
yields one-loop diagrams. These diagrams contain the information about
the one-loop renormalization of 4 and 4.

The tree approximation is evaluated in Appendix C. In the continuous
chain limit the result takes the form

1 s i
%1(q, 1), =f_d—J ds; ds; e~V
2y

x[ﬁ—ﬁe“‘z”"(l +@T ) +0 (gﬁz, 1 q (Ft)->] (5.9)

TN
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with ¢; from (4.20) and
O(g} = 0(a) + 6(9) (5.10)

9,,(q, t) has the following properties also beyond the first-order perturba-
tion theory: It vanishes like &~ for & — co. This is understandable from the
observation that %,(q, ¢) is the cumulant of two independent chains, which
should vanish like (embedding volume)~'.

As predicted in Section 2.2, for t=0 there is only one coupling
W =i — 0, which determines the static behaviour.

For ¢ #0 independent information about 4 and § can be gained.

The different time dependence also can be understood: The correla-
tions of the center-of-mass positions of the two polymers due to the mutual
repulsion decay exponentially in time, whereas the correlations due to
averaging over the quenched random potential are time independent.

Coming back to the technical aspect of the calculation, one observes
that the tree approximation contains all parameters &, 4, I, S, and ¢ of the
theory. The variables 4¢ 7 #¢ 9 I, and S are clearly distinguished by the
different coefficients depending on |f| or q° The & poles of higher order
perturbation theory thus can be uniquely attributed to these variables. The
well-known results on i have to be reproduced by the dynamic calculation.
Thus from 4~ and #¢ ~7 also the & poles belonging to # and & can be
determined.

Now the one-loop contributions %,(q, t), have to be actually deter-
mined. The calculation is given in Appendix D. Here only some features of
the technique will be outlined. In polymer statics one uses Feynman
diagrams to keep track of the different contributions. The contributions are
distinguished by the number and the order of the interacting segments
along the arc length of the chain. In polymer dynamics, in contrast, one
has to keep track of the temporal order of the segment interactions within
each chain. This is due to the response prefactors (5.4), which consist of
temporal derivatives of parts of the exponential. It is the &-functions in
R;(1), (3.41), which determine which parts of the exponential appear in the
response prefactors. As in earlier calculations [cf. derivation of (4.15) or
Appendix C], the expressions can be made compact by partial integrations
in time, starting from the earliest interaction. (This procedure also appears
most promising for the renormalizability analysis to all orders of polymer
dynamics with excluded-volume interaction, but without quenched random
potentials.)

In the course of calculating the expressions of Appendix D, we in fact
have used a graphical notation for the temporal order of the segment inter-
actions as a bookkeeping device, but since confusion with usual Feynman
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diagrams is predetermined and since also Appendix D does not contain all
details of this long but unproblematic calculation, we have refrained from
introducing such “diagrams.”

We will give here but one intermediate step of the calculation of
Appendix D. One basically and before considering temporal order has to
distinguish two different types of connected diagrams in second-order per-
turbation theory: in the 2 +2 diagrams both couplings act between the
chains. In the 3 + 1 diagrams there is one coupling between the two chains
and one coupling is a self-interaction of one chain. 3+ 1 is meant to
indicate that there are three segments of one and one segment of the other
chain involved in the two interactions.

Accordingly we split the one-loop expression into

%2(q, 1)>=g(q, ) 341y +8(q, 242 (5.11)

and find in Appendix D
_dl g —q¥Sey
g(q, )z =¢ ZL ds; ds;ds, ds e
X(“—ﬁe-‘*z”(l +q’T} (2—10)

2 G,(0 0)]2
D,(0)- <1 exp L0 —GuO)

+ﬁae—q”2f [Pdrde O(t—1—t) It —1—7)
0

, (dp  0G,(T)
x4 jnT/qu rot

x e~ TP _ pq(Galt+1 )—Gu(T )—Fr)]) (5.12)
for the 3+ 1 diagrams and >0, and

d?p, d,
pl p(sd(q P1—Pa)

gl(q, t)(1+1)—f J

1,8
x—J. ds; ds; ds, ds; e ~P1aSc—pasa
0

x {[f)z +(2—20) @ e ~¥T(1 4 q2I't)] ePPHPK O+ Dif0)
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2 2 !
+26%e—9 l‘i(pl Q)(sz) I rde f'(t _ 1.') epnpz(D.-k(r) + Dj(z))
0

5 !
—2a6e~""q’ L I'dr I(t—7)(p,q €™ +p,yq ™)

x eP1P2A () + Dil0))
1

—fuae—qu'j Fdede Ot —t—1t)[ ~1+q T (t—1—7)]
0

X[(P]Q)2 eplql"(r+r’)+(p2q)26pqu’(t+r')]

xePIPZ(Dl'Ic(T)+DjI(T'))} (513)

for the 2+2 diagrams. We suppress corrections of (g S/¢*) or of
O(aq*(I't)*/&?).

The ¢ poles of 4;,(q, t), are calculated in Appendix E. Comparison of
the first term in (5.12) with the tree approximation (5.9) leads us to expect
that this loop integral cannot yield ¢ poles belonging to I', while the more
complicated time structure of the second term in (5.12) hints at & poles of
dynamic origin. In Appendix E it is in fact found that

1 ¢S
g(q, t)(3+l)=é_d‘J dskds,e—qz&kl
2J

&/2
x {[ﬁ—ﬁ e~ 4 Q*T1)](—q2Sey) (4 —0) ST IE) t@(s)

. I(min{S?, 2ﬁt})"“+(9(8)} (5.14)

—he Q)2 b .

with the constant 7 from Eq. (4.30).
Of the four terms in (5.13) only the first one contributes an ¢ pole, and
Appendix E yields

18 s
&(a, ’)(z+2)=é-d“I ds, ds;e =95
2Jq

S + 0(e)

X [21’)‘2
P
S 4 0(e)
P

+ae~9T(1 4+ q*I't) (26— 46) (5.15)
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The S dependence of the expressions (5.9), (5.14), and (5.15) requires a
brief reconsideration. By means of (4.20) and with the substitution
i=(s;,—S5/2)/S etc., we find that
S , 1/2 ) 2, 2
jds,.ds,e—Q'va=Szj didje=Se+ i (5.16)
0 —172
The complete expression for %,(q, ) up to second-order perturbation
theory can thus be summarized from (5.9), (5.14), and (5.15) as

G13(q, o142

=§_"%S2 Jl/_ di dje~FS/6+i+ )

172

x {[ﬁ-ae~q""(1 +q°I1)]

x[l—q25<é+i2+j2>(ﬁ—ﬁ)

] . 2 95\ 4 @
he—TqArn)? 8 I (min{S> 25} + O(¢)

S+ 60(8):|
€

&

S+ 0(¢)

+ae (14 qIt) (24— 46)

£/2 CO
+ 267 S_Jf(sl}
&

(5.17)

We now introduce renormalized parameters. The first term in (5.17)
together with the minimal subtraction scheme for the ¢ poles determines
uniquely that the chain size has to be renormalized as

() — o/
S=Sglx) (1 —L’*)#) (5.18)
with the arbitrary length scale 0 </, < 0. The second term yields
I3l
r=rR(1R)<1+ v‘g’”) (5.19)

Using (5.18) once more for $2, one can read from the third term in (5.17)
the required replacement

(5.20)

£~ 5 =Exllp) ™ Uplle) Iz* <1 +21<’_>L<’>>

&
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and from the fourth, that

(5.21)

et a= it~ iatte) 15 (14 020

The renormalized parameters eliminate exactly the ¢ poles and not more
(minimal subtraction).

Now it has to be tested whether the renormalization (5.18)—(5.21) of
the parameters as derived from %,,(q, ¢), (5.17), is consistent with the pre-
vious knowledge about the theory.

1. We remark that the renormalization of I' in (4.35) as derived from
¢ .(q, 1), is reproduced in (5.19).

2. We know from polymer statics without disorder'" that
7(! 4(!
S=SR(1R)<1—%R)>, 12=L7R(1R)1,;£(1+#> for =0 (5.22)

The result on S is reproduced by (5.18). The result on 4 is reproduced in
(5.21) we additionally use

E=CpllR) (5.23)

The latter identity was already derived from %.,,(q, ) in (4.36).

3. In Section 2.2 we recalled that in the limit of zero segment concen-
tration in static expectation values, the theory with quenched potentials
can be derived from the theory without random potentials by simply
replacing the excluded-volume coupling # by the new coupling

Ww=a—10 (5.24)

The subtraction of & poles is designed such as to absorb UV divergencies.
It should be independent of the system volume. We therefore conclude that

w(lg) 4w(l,)
& £

S=SR(1R)<1— > w:mR(IR)l,;E(H > (5.25)

must hold in a renormalizable theory. We furthermore know that the
renormalization of S and % to all orders has to be independent of the
coupling £, because ¢ does not play any separate role besides W within this
static subtheory. The requirement (5.25) is fulfilled by the result of %,,(q, 1),
as can be derived from (5.18), (5.20), (5.21), (5.23), and the definition
(5.24).
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The last observation leads us to rather consider § and W as the basic
couplings of the theory. Then # reads

(5.26)

6=0xllz) I5° (1 _2lg) ~20(lx) “EZW(’R)>

Equations (5.19) and (5.23)-(5.26) make up the full one-loop renormaliza-
tion scheme of the theory, which now already has passed a number of
consistency tests.

6. THE INTERNAL MODES OF A CHAIN

The quantity to be discussed in this section is

%nl(i’j’ q, 1— t,)
= {exp{ —iq[ri() —r, (1) ]}>
=2[h(T)0)= —q(8,6(1 —7) = 6,6(t' — 1)), h,=0] (6.1)

There are several physical as well as technical reasons to calculate this
quantity: Since the motion of the free chain can be decomposed into the
center-of-mass motion and the internal modes, %, contains information on
the chain motion independent of 4,,,. Both ¥4, (q, ¢) and %,,(i,J, q, t) are
typical quantities measured in Monte Carlo simulations.

Furthermore, the expectation value (6.1) is of experimental interest
because 3 =1 %adi,Jj, q, 7) 1s the dynamic structure factor, which can be
measured in light scattering experiments.® '#)

In addition, %, plays a double role in the renormalizability analysis:
On one hand the renormalization of the parameters of the theory has been
determined uniquely in the last section and the calculation of (6.1) serves
as a renormalizability test. On the other hand exp{ —ig[r,(t) —r;(¢')1} is
a generic insertion appearing in higher order perturbation theory, as can be
seen in (3.20). Such terms are included in the formal aparatus of perturba-
tion theory by the additional internal fields (3.45). Higher order loop
calculations therefore will always include the renormalization of this
structure.

In tree approximation it is easily derived that

q2
Goul1,J, Qs 1 —1")o =€Xp {— >

=exp[ —q’Dy(t—1)] (6.2)

[Gi(0)+G;(0) —2G,(t — t')]}



Polymer Diffusion in Quenched Disorder 225

with the definition (4.14) of D,J(t) The properties of D;(t) are derived in
Appendle and summarized in Egs. (4.16)— (427) In (4.14) D (t—1")
is also identified with the expectation value {(r,(r)—r;(#'))*), in tree
approximation. Beyond this approximation the identity

<(I‘,~(t)'-—l'j(tl))2> = _Aq|q=0 %nl(isja q, t_t,) (63)

holds. Equations (6.2)—(6.3) are in close correspondence to Egs. (4.4)-(4.7).
The one-loop expression for (i, j, q, t —1') is

%nl(iajs qa 1— t,)

_ 2 f 14 Z J y? dt, dt,
17—
{ 5“1)} )[%(k,p,t[)-}"%(l’ -p, t1)]

_U'@(k’ P, tl) %(l’ —Ps t/l)}

x exp{ _quij(t_ 'y —p*Dy(t,— 1))}
x exp{ —pa[ Gult — 1)) = Gyt — 1)) = Gu(t' — 1) + G4(' —11) 1}
(6.4)
with the response factors
Rk, p, 1) = pqliRult — 1)) — iRu(t' — ;)] = P*iRy(ty — 1)
A(l, —p, 1)) = —pq[iR,(t —1}) — ile(tl -] _pziRk/(tl —1)

Calculation as in previous sections yields in continuous chain variables

(6.5)

%nl(i’j’ q’ t)l

emn 1 (S
=e TP dskds,
V]

2' . t 2
% {_(f‘—ﬁ) |5 — 5,17 [exp <M>_

4 |se— sl

_I d‘l.’—exp (q '%ykl(o, T, 1 1:) >:|
o Ot

4 s, — sl

N

aDjk(t') aD”(t‘—T—TI)
ot' o(t—1t—-1")

qz‘@i'kl(":’ T,s r— T’)2> <q2'@i'kl(r’ t,a t— T')2>}
x( 1+ 4 ex L (6.6)
( 2D (%) P 4D(7)

r
+0q® L drdt'O(t—1—1') Dy(t) "9+




226 Ebert

with the abbreviation
Bt ', 8")=Dy(t") = Dy(t" — 1) = D (t') + Dy(t + 1) (6.7)

Note that in contrast to the center-of-mass motion, which only depends on
B, here also a term proportional to i — § =W appears, which is obviously a
static contribution. For the internal modes the self-interaction of the chain
does play a role.

Which ¢ poles do we have to find in the integrals (6.6) if renor-
malizability holds? Exactly those which will be eliminated by introduction
of the renormalized parameters in the tree approximation (6.2). This
requires that we reconsider the functional dependence of D;(t) on the
parameters of the theory. From the representation (4.22) for (2§1)'2 < &2
we derive

i—j i+j+1 2
T)V» (2T)'\?’ (21)'”

D,-j(t)=S(2T)'/2F< >=S9"(i, i T) (68)

with

ot _I [ _s=SR [ 11
T= =3 and i= 3 € — 33 (6.9)

The segment variables i, j are invariant under renormalization. ¢ is the
physically measurable time and thus also invariant. The parameters S and
I are subject to renormalization. By means of (5.19) and (5.25) D(¢) reads
in renormalized parameters

D(1)=Sx(ly) <1 _"‘_’(:R)> P ( . TrllR)t 1+ Il R)e

b T 1—w<1R>/s> (6.10)

Inserting this in (6.2) yields

%nt(isj’ q’ I)O
t
=exp [ —Q>SxF (i, i %—)]
R

£ £ Olnt R

(6.11)
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In a renormalizable theory, the ¢ poles of (6.6) must exactly eliminate the
¢ poles of (6.11). Then (6.6) needs to have the following ¢ poles:
%nt(i’j’ q’ t)l

— e~y <_ W(IR)+117(1,)+W(1R) 5]
£ e dlnt

)quij(t)
x[1+0(¢)] (6.12)

In Appendix F it is shown that the singularities of 4,,(4, j, q, t), actually do
have this involved structure. We conclude that the internal modes are also
renormalizable within the RG framework derived in the last section.

7. THE RG FLOW OF THE PARAMETERS AND THE
RENORMALIZED DIFFUSION CONSTANT

7.1. The One-Loop Results for the Parameters

The one-loop analysis of the three expectation values in Sections 4-6
consistently and in agreement with the static theory results in the renor-
malized parameters (5.19) and (5.23)-(5.26).

For the two couplings we found in (5.25) and (5.26)

w=1,;fw(1,{)[1 +4—w¥+ w(wz(/R))] (1.1)
ﬁ=l;°5(lk)[l—M+¥[“+ @(gz(lR))] (7.2)

One specific unrenormalized theory defined by # and W corresponds to a
one-dimensional manifold of renormalized theories parametrized by the
length scale /;. Since # and W are invariant under variation of /z, an
infinitesimal variation of /; yields

dIni(lg)

T = & —div(lg) + O(F(1)) (7.3)
dln &/ 7
dnl:(l:)=8+2'7(’R)—2‘*7(1R)+(9(§'(1R)) (7.4)

called the RG flow of the couplings. The other two parameters S and I” are
expressed in renormalized couplings as

822/82:1-2-15
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S=Sx(lr) [ 1— w(:") + w(»vZ(IR))] (7.5)
I'=Tx(lg) [ 1 +%"‘”+ 0TI ), 5(1 ) W(IR))] (7.6)

with I=13.587 (4.31).
The invariance of the unrenormalized parameters S and I under
variation of /, leads to the RG flow equations for Sg(/z) and I'g(/g):

din S(ls)

Jint, )+ 00 (R) (1.7)
din Tyl ] o
;T;RR)= —15(lg) + O(5%(1x), 0l g), W(1)) (7.8)

7.2. Beyond One-Loop

More i1s known about the RG flows (7.3), (7.4), (7.7), and (7.8) than
was derived from the one-loop calculation of the last section.

As outlined in Sections 2.1 and 2.2, the parameters Sg(/z) and (/)
belong to a closed substructure. Therefore the corrections already have
been written as O(w*(lz)), since the RG flow of S and W cannot depend
on #. The (W, Sg) substructure is identical with that of polymer statics and
thus also with (n=0)-¢*theory, which are known to be renormalizable
theories. The RG flow of Sz(/z) and w(/;) has been calculated to five-loop
order.* Here we only recall the general structure. In a minimal subtraction
scheme

dlnw(lg) _

ain =e+ F (W(lR)) (7.9)
holds generally, with F, () an analytic function of w and independent of
e. For any ¢>0 and for any start value w(/) >0, a growing [; lets w(ly)
flow to the stable fixed point w*, which has been determined from
e+ F (w¥)=0 as w*=0.364 in d=3.">"% For w(/)=0, w*=0 is a fixed
point, but an unstable one. For w(/) <0, there is no fixed point and also
the connection of the model with actual polymers breaks down.

% Four loop, ref. 19; f§ function in five loop, ref. 20; correction, ref. 21.
4 For the redefinition of u* see ref. 23.
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The flow of Sg(/z), (7.7), is known to higher accuracy, too. With the
notations

dinSell)_ 1 o
Tnl, 2 Tsmay | SR =il G (110)

it follows that

_ dlnng(lg)
v(w(lg)) dinl, =1 (7.11)
In minimal subtraction, v(w(/g)) is a function of w(/gz) only and inde-
pendent of .

For Iz» ! two asymptotic behaviors coincide: On one hand, the
contributions of all irrelevant operators in the RG sense actually vanish, or
the distinguished manifold .# as introduced in the introduction is reached.
On the other hand, w(/;) reaches its fixed point w* for any w(/) > 0. Then
one can be sure that on one hand all three-segment interactions, etc., con-
tribute only in a negligible way, whereas on the other hand v(w(/g)) can be
replaced by the constant v(w*) and exponentiated. This yields an
anomalous power law at the fixed point

%(nk(lk)"“""lk)zo or ng(lg) oc 1™ (7.12)
R

with the exponent v(0)=0.5 and v(w* =0.364) =0.588 in d=3.

A special case of (7.12) will be needed below. Compare two
parametrizations of a model on scales / and /g, /> I Suppose that on the
scale / the model is sufficiently described by the parameters on the dis-
tinguished manifold .#. Suppose further that w(/) ~ w*. Denote ng(/) =: N,
with N proportional to the true microscopic chain length. Let the scale /5
be fixed by the condition ng(/z)=1. Then

lp=N"""1 (7.13)

The nontrivial power law (7.13) originates from the coincidence of the
two asymptotic behaviors discussed above. This coincidence, however, is
not necessary. The condition for a universal law is the decay of irrelevant
perturbations for /;> /. “Universality” means that only few relevant
parameters on the manifold .# determine the behavior at large length
scales. If additionally a fixed point of the coupling is reached, the universal
law 1s a power law. If not, the universal law takes a more involved form.

This leads us to discuss the coupling #(/z), which in fact does not have
a fixed point in physical parameter space.
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Some knowledge about #(/z) is due to another mapping, which yields
further information about the flow of #(/;) beyond (7.4): By evaluating
appropriate limits of two-chain quantities such as %,(q, f), (5.1), it has
been possible to prove the identity of the flow of the couplings 7 and w
with the couplings of a special ternary polymer system.® Ternary systems
consist of two types of polymers a and b. Segments of polymer type a inter-
act through a coupling i&,,, etc. The flow of the coupling W can be shown
to be identical with the flow of the coupling #,, or i,,. The flow of ¢ can
then be identified with the flow of —i,,, provided the system is symmetric:
@,, = il,,. The equilibrium properties of ternary polymer systems can be
expressed by a renormalizable theory. Therefore we know that.the sub-
structure spanned by the parameters 5, w, and Sy is renormalizable. The
general structure of the RG flow of ¢ is similar to (7.9), namely

dln (lg)

din I, =&+ F(0(lg), w(lg)) (7.14)

with F,(, w) being analytic in 7 and w and independent of ¢ if a minimal

subtraction scheme is used. The function is known to three-loop order:*
dln i(lg) o __ 5

VR - 2—2 _ 2 =3

a1, e+20—2w+20 6uw+2w +[3+3¢(3)]v

—[18 +12{(3)] *w+ [%1+ 18{(3)} oW

111
_?wﬂ.@(g—“) (7.15)

Not for any fundamental reasons, but only to simplify the notation, below
we will restrict the analysis to w(/g)=w* at a fixed point. In this case
(7.14) has the form

dlin o(lR) _ o(w*)

dinl, |~ v ! +0(lg) fur(5(12))] (7.16)

with
ovx:;1=2_V(vavi;)dE€+Fu(0, w*) (7.17)
B 5 fol) = E(5 %) = F O, W) (7.18)

vw*)
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The appearance of a(w*)/v(w*), (7.17), as the leading term in an expansion
in © has been proven in refs. 24 and 25. Here a(w*)=2—dv(w*) is the
“specific heat” exponent at the fixed point w*. The quantity «/v also can be
interpreted as the Hausdorff dimension of the intersection points of two
mutually noninteracting but self-repelling polymers.

Fixing #,, = #,, = w* in the ternary polymer system, @,,(/z) will reach
a stable fixed point uX(w*) for large I/ for any starting value i,,(/) > 0.
Another fixed point is i, = 0; it is unstable under growing / for arbitrary
i,{1)#0. For any negative start value of #,,{/} no fixed point is known.

A negative value of 7, maps to a positive value of &. Because v was
introduced as the second moment of the potential, it is always positive, i.e.,
the coupling is attractive. o therefore does not reach a fixed point for non-
vanishing disorder.

Now we follow the logic outlined in the introduction. We started from
any model on a truly microscopic scale. Increasing the basic length scale of
the description, the theory approaches the manifold .# of relevant
parameters. Assume that the manifold is approximately reached on the
scale I. For I, =1 the treatment of only the relevant parameters as con-
tained in our model represents the full physical system, and the RG flow
within .# is described by Eqs. (7.9)~(7.11) and (7.14). The RG flow within
 can now be integrated safely over a finite interval of /, independent of
the existence of a fixed point. It gives a universal result. Such universal laws
can also be expressed as invariances. The RG flow of 7, (7.16), can be
expressed as such an invariance:

d | ._ i) f o(v)dv
- ~afv — Sy 2T Y =
le[vUR) 5 exp< jo e f.‘..(v))] 0 (7.19)

(If 14 v*f,«(v*)=0 for any v*>0, (7.19) would describe the usual RG
flow of #(l;) to a nontrivial fixed point v*, but there is none for v>0.)
Equation {7.19) is equivalent to (7.16) and holds generally in the realm of
perturbation theory. Its evaluation up to now is restricted by the fact that
only few terms (7.15) of the expansion of f,..(v) are known. Therefore the
theory can be quantitatively evaluated only for #{(/g) < O(1). This restric-
tion, however, is of only technical origin.

Under thé conditions of Eq.(7.14), ie, if the theory can be
appropriately described by only the relevant parameters N and w(/) ~w*
on the length scale /, and if furthermore / is fixed by ng(ig) =1, one finds

(7.20)

5(/) N* = 5(N"I) exp <‘f - .L@JL)

an L+ fa(v)
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If corrections from (/) f,.+(5(/)) <1 can be neglected, o(/) can be set equal
to zero in the exponential on the right-hand side of (7.20), and o(N*/) is a
function only of #(/) N*

BNy =7"(0(1) N¥) (7.21)

This identity can be found by inversion of (7.20). The inverse function
¥ *(v) exists, because (7.16) does not have a fixed point.

We now finally integrate the RG flow of I'g(lg), (7.8). Since I is the
essence of a dynamical theory, no mappings to static theories are available.
The only information we have beyond (7.8) is, that all terms of perturba-
tion theory proportional to u«"v°, n arbitrary, vanish; cf. (4.11). Since the
coupling w comes in by annealed averaging, the argument (4.11) can be
extended to the inclusion of fluctuating potentials: All contributions to I
vanish which are proportional to w"5° » arbitrary. If the theory is renor-
malizable, we therefore expect in general, that

dIn Telle) _
dln I,

with g(0,0) =1 and g(7, w) analytical in both parameters and independent
of & in minimal subtraction. It is not known, whether g(v, w) actually
depends on w, but it appears likely from preliminary calculations.

By means of (7.16) and of the monotony of &#(/gz) >0 as a function of
I, the invariance

d

sin) [ g(v, w*) dv
dv(lR)[rR([R) exp< L e )] =0 (7.23)

at a fixed point w* of W is derived. Thus I'g(/;) at a fixed point w* of
1s uniquely determined by I'g{/), 5(/), and &(/g). There is no explicit
dependence on / or ¢ left. In the limits of Egs. (7.14) and (7.20), I'x(N"I)
can be written as

—T'o(lg) g(o(lg), w(lg)) (7.22)

(7.24)

T(N*1) =T g(1) CXp< arwnw>

an 1+ 0f(v)

Further information about g(7, w) can only be gained from physical
considerations. From the proportionality of I'rx(N*/) to the diffusion con-
stant for a chain of length N on one hand and from the expectation, that
longer chains should be stronger bound to local energy valleys on the other
hand, we always expect

din Tg(lg)
dnl,

This leads to analyze finally the renormalized diffusion constant.

<0 for o(ig)>0 (7.25)
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7.3. The Renormalized Diffusion Constant

First results on the evaluation of the center-of-mass motion can be
found in ref. 11. Especially two asymptotes are natural objects of examina-
tion. The short-time asymptotics will be quantitatively analyzed and com-
pared with Monte Carlo data in a forthcoming paper.''> Here we discuss
the long-time asymptotics of the center-of-mass motion.

In tree approximation, diffusion was defined as the limit of I" 1] € &2
in (4.9), ie., as the motion in seemingly infinite space. For the rest of the
section we will let £ — oo. The internal motion of the chain defines another
time scale T'=1"[t|/S, (4.18). For v #0 the internal modes couple to the
center of mass mode, and there is a short- and a long-time asymptotics of
the center-of-mass motion, distinguished by 7= ((1). Following conven-
tion we call the limit of T> 1 diffusion. Discussing diffusion, we therefore
concentrate on the mean square displacement R%(t), (4.6), of the center of
mass within time ¢ in the limits of &2 I' [z| > S. Equations (4.6), (4.9),
(4.15), (4.30), and Appendix B lead to

ds; ds;

(t)0+l—2dF|tl<1—vJ rdr—j ,.j(z)—3+e/2>

=2dr 1| {l—ﬁS"/’[ +,Q¢<F;" s>]} (7.26)

with &/(T, ¢) analytic in ¢ and

t—1

_l r —1 +¢/4
M(T,a)_J dr (27) t

( ,\)/\/_ 2 3+¢/2
J f_\,/— <\/_+y,\/_.)

_: —1.—l+e/d
4j0 dr2-'t

<[ ax[” drfn fn=Rye0) 027

In renormalized parameters, R*(¢) reads with Tp:=Ix(lz) |t|/Sr(lz) and
with ng(/g) frem (7.10),

<111R(1R)‘/2 -1
e

R*(6)=2dI g(Ig) 1| {1 —llg) +ng(lp)"* (T, 8))

x[l+@(§(1R>)]} (7.28)
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lg 1s a free parameter of the renormalized theory, which we now fix by the
condition ng(lg)=1, ie, we choose [; of the order of the size of the
polymer coil. With this choice the analytical remainder reduces con-
siderably, and we have to evaluate

R2(1) =24l g(Ip) 1t1{1 — (1) L(Tp, &) [1+ O(&x)]1}  (729)

The diffusion constant in particular is given by

DU. wo Ny =’li% @
=2dIx(lg) {1 —i(lg) L(o0,¢)[1 +m(§(lR))]}
for ngllz)=1 (7.30)

Numerical integration yields /(00,e)= —2218+@(e). (Were we to
evaluate «/( o0, €) for ¢ =1, our procedure would follow exactly that under
the name of renormalization in d=3 as introduced by Schloms and
Dohm.??)

If the theory is also renormalizable beyond one-loop order, one
expects the diffusion constant in general to be given by

D, . n.,=2dT (1) {1 =8I g) a(i(1g), w(lg), £)} for ng(lg)=1 (7.31)

(/) a(0(lg), Ww(lg), &) is again the analytical remainder left over after mini-
mal subtraction of the ¢ poles. Accordingly a(i(/z), w(l), €) is analytical in
all its arguments and (0, w(ly), &) = &/(0, ¢). It is not known, whether
a(d({z), w(lg), €) in general depends on w, but it appears likely from some
preliminary calculations.

Equations (7.30), resp. (7.31), if renormalizability holds beyond one-
loop order, are the central result of the RG calculation of the diffusion con-
stant. They are completely general, i.e., not restricted to a fixed point of v
a small value of #(/) or alike. They give the full nonlinear scaling behavior
of the diffusion constant.

Let us now relate the parameters on the scale /; again to those on a
smaller intermediate scale / with parameters also on the distinguished
manifold #. Let w(!/)~w* and define ng(/)=: N. Then Egs.(7.14) and
(7.24) can be used to rewrite (7.31) as

)FR_(I) v aNd I g(v, w*ydv
N e""( L 1+vﬁ..~(v)>

Dv, wh Ny = 2d
0.4
x [1—3(N"1) a(&(N*I), w*, &)] (7.32)
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with
P =Tl gl exp (5[ EREDL) a3y
or
Dy o n,=:2d y”—]f,l) D(H(ND),e),  2(0,¢)=1 (7.34)

yr(l) =T p(1) ng(l) is the segment diffusion constant on the scale / [cf. Egs.
(2.10) and (4.8)] and thus is independent of macroscopic parameters such
as the total chain length. (/) also is a microscopic parameter. Therefore
7x(l) also is microscopic. The N dependence of the diffusion constant is
thus the explicit one of Eq. (7.34). Note that it does not simply scale like
N~*, x=const, as one would derive near a fixed point of the couplings.

Let us now evaluate the expression to lowest order. Equation (7.20)
yields

(NI = &1) N*+ (D) + O(5(1) N*)? (7.35)
Using further the notation of Eq.(7.30), the diffusion constant becomes
explicitly
y,;i{l) ex
x [1—s(o0, &) 0(/) N*+ O(5(1)) + O(5(1) N*)*] (7.36)

D(x we Ny = 2d

pl — ilg(O, w*} o(1) N* + O(5(1)) + O((]) N“)Z]

with the numbers 7/=3.587 (4.31), g(0,0)=1 (7.22), and /(o0,¢)=
—2.218 4+ 0(¢) (7.30).

We seemingly have reproduced here Machta’s predicton of
D oc N~ 'exp[ —cii(/) N*] for the diffusion constant in a random poten-
tial.'® (Machta derives this prediction only for a specific model, but the
argument can easily be generalized.) Note, however, the neglected terms.
Our concrete result (7.36) is useful only in the limit of #(/) N* < 1. Machta’s
result, however, can be challenged, too, because he treats the diffusion pro-
cess as due to transitions of the whole chain between cells of the size of a
chain, and thus_ neglects all the structure of the problem on scales smaller
than the chain size.

Accordingly there is no quantitative prediction for the diffusion con-
stant for (/) N*> 1. Note, however, that even in this limit the general
parametric dependence of Eq. (7.34) prevails if the theory is renormalizable.
The result (7.34) or more generally (7.31) is the universal result of a RG
analysis.
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8. SUMMARY AND CONCLUSION

We have treated the diffusion of long polymer chains through a short-
ranged quenched random potential. This model is designed to deal with
real local potentials as well as with entropic traps or barriers. It is thus
complementary to reptation models, which emphasize rather the topologi-
cal constraints.

Analyzing this model of polymer diffusion in local random potentials,
we have shown that it contains all physically relevant parameters in the
limit of long chains, ie., the relevant parameters in the RG sense. These
parameters are the arc length of the noninteracting chain S, the diffusion
constant 2dI” of the noninteracting chain, the excluded-volume coupling u
for the strength of the two-segment repulsion, and the second moment v of
the random potential.

Using standard methods of the theory of dynamic critical phenomena,
we can formulate the theory as a perturbation expansion in # and v about
the limit of a freely diffusing Rouse chain. A naive perturbation expansion
in the couplings u and v leads to expressions diverging in four dimensions,
and a RG approach has to be implemented. The general framework of
these calculations was provided before discussing special correlation func-
tions. The couplings of course play different roles: While u is an instan-
taneous repulsion, v appears as a time-independent interaction after ensem-
ble averaging over the quenched random potentials. It renders the process
non-Markovian. Therefore v and v appear in a characteristically different
way in the dynamic diagrams, in contrast to static expectation values,
which, if renormalizable, depend only on one coupling w:=u—v. In
dynamic expectation values in particular the center-of-mass motion is unaf-
fected by the excluded-volume coupling u. Only the disorder coupling v
couples the internal modes to the center-of-mass mode.

We derived the general structure of the perturbation expansion. An
essential ingredient of the calculation is the distance function D (1), (4.14),
which shows quite nontrivial short-time behavior. As a consequence, the
integrals yielding the UV singularities differ considerably from integrals in
field theory and polymer statics. Also the “diagrammatic” bookkeeping of
perturbation theory varies considerably from polymer statics or field theory.

Having to choose correlation functions for calculation, the center-of-
mass motion and the internal modes of a chain are obviously interesting,
Furthermore, the correlation of the centers of mass of two different chains
is the simplest two-chain quantity that can be considered. The correlation
functions of these three quantities are calculated to one-loop order. Renor-
malizability requires that in every expectation value the same microscopic
structure is absorbed into a renormalized parameter. The calculation of the
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three correlation functions allows for cross-checks of the renormalizability
assumption. This does not prove one-loop renormalizability in the strict
mathematical sense, but having the information of our calculation, it is
hardly imaginable how a strict proof could fail.

The upper critical dimension necessarily is 4, since polymer statics
with the upper critical dimension 4 must be contained in the dynamic
theory as a closed substructure. Polymer statics has the two relevant
parameters S and u. Another closed renormalizable substructure, the ter-
nary polymer system, could be identified by appropriate limits and map-
pings.® This substructure contains three of the four relevant parameters,
namely S, w:=u—v, and v. No information about the truly dynamic
parameter I” can be gained from any transformations or mappings. It is
therefore most reassuring that all three distribution functions give an inde-
pendent and identical result on the renormalization of I

Consider an arbitrary model in a high-dimensional parameter space
on the truly microscopic scale. Renormalizability implies that this
microscopic theory can be replaced by a different one on an intermediate
length scale, which, if the scale is chosen sufficiently large, can be
parametrized by only few relevant parameters. These relevant parameters
span the low-dimensional distinguished manifold .#. The integration of the
RG flow of the relevant parameters within .# yields universal results. At a
fixed point of the couplings this universal result would take the form of an
anomalous power law. We evaluate the theory at the fixed point w* of the
effective static coupling w = u— v. The coupling v, however, does not have
a perturbatively reachable, stable fixed point. Integrating the RG flow of
the parameters not at a fixed point, but within the attractive manifold ./,
we find universal nonlinear scaling laws. One can identify certain combina-
tions of the parameters as the scaling variables. Then the general structure
of the scaling laws and the concrete results of first-order perturbation
theory can be discussed.

This technical basis allows us to investigate universal laws for various
physical quantities. Here we have concentrated on the mean square diffusion
length of the center of mass and its long-time asymptotics, i.e., the diffusion
constant D of a chain. As discussed above, we do not derive a simple power
law in the chain length N, but D «c N ~'%(5(N*1), ¢). In the limit of 5(/) < 1
and N> 1, 6(N"l) is a unique function of #(/) N*, and to lowest order
(N*l) oc 0(l) N*. The quenched local potentials correct the Rouse predic-
tion D oc N~' by a factor which is a function only of the renormalized dis-
order coupling 5{N'/) evaluated on the scale of the whole chain N'/ It
should be compared with the standard reptation result D oc N =2, which
models a Rouse dynamics including topological constraints. { Note that the
effect of both, local random potentials and topological constraints, cannot
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simply be accounted for by multiplying our result on D by an additional
factor of N~'.) If 8(N*I) is sufficiently large, we would expect our random
potential diffusion constant to decrease faster than N 2. This would mean
that for sufficiently long chains asymptotically the effect of entropic traps
or random potentials always would dominate over that of topological con-
straints as accounted for in reptation models. Unfortunately, our one-loop
calculation does not give sufficient information on the functions for large
(N*l) to decide that question. On the other hand, the functional form of
our result and its evaluation to lowest order in the renormalized coupling
reproduces Machta’s saddle point approximation. The diffusion constant
calculated in Machta’s approximation clearly dominates over reptation.

Our predictions demand an experimental or numerical test. A numeri-
cal test allows for easier discrimination of physical mechanisms. The long-
time asymptotics of long chains averaged over quenched disorder, however,
is hard to simulate. We therefore also calculated the short-time asymptotics
of the center-of-mass motion and compared it to Monte Carlo simulations.
We will report on the results in a forthcoming paper.'?)

APPENDIX A. REPRESENTATIONS OF THE FUNCTIONS
G,(t) AND D, (t)

Here we derive the long- and the short-time asymptotics of the segment
Green function G;(t), (3.40),

N-1

Gij(f) = <"i,,(f+ to) "j,,(to)>o= Z Okioijk(t) (A1)
k=0

and of the distance function D (¢), (4.14) (i, je {1, 2,.., N}),

_Ga(0)+G(0) —2G (1)
- 2

1
D,-,-(t)=§<(ri,,(t+to)—rj,i(to))2>o (A2)

Evaluating the last expression in (A.l) with the results (3.22), (3.27),
(3.28), and (3.31), the discrete chain Green function emerges as

G, (1) = &2 e~ liE
i Ni' cos(24,(i —J)) +cos(2¢x(i +j— 1))
2Nk=l Sin2 ¢k

xe—ZyllI 12 sin? ¢y (A3)
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We use the abbreviations

nk

¢k=ﬁ and Ir=

(A4)

Z|=
ule

For t=0, the k sum can be evaluated exactly by induction in |i —j|,
li+j—1]=0,1,... It yields

N—|i—j|)2+2<N—|i+j—l|>21 1
2N 2N 37 6N?

G,.J.(0)=¢2+N12[2< ] (A.5)

By means of (A.2) and (A.5), D;(0) turns out to be identical to
D, (0)y=i—j| I*=15;—s}| (A.6)

This is the well known result of the noninteracting (u =0) static theory,
which also can be derived directly from Eq. (2.1).

In contrast to Egs. (A.5) and (A.6), the 7 # 0 contributions cannot be
evaluated analytically in closed form. To simplify the analysis we take the
continuous chain limit, first reconsidering the =0 contributions: In the
limit N — o0, /=0, and S = NI? fixed, we replace

(2 _-zzﬁ_‘tn_k_z 4k_2
sin? ¢, =sin?/ 2S—[ <2S> {1+0<1 S2>] (A7)

assuming that the eigenmodes k& with k/? = @(S) essentially do not con-
tribute to the large-scale properties of interest. With this approximation the
k sum in (A.3) reduces for t =0 to the tabulated Fourier sum

& cos nks,./S <S—s,,, 1
k> \ 28§ 12

(A.8)

k=1

s,=ml*€[0,28] is a continuous chain variable. The result for G;(0),
including the estimate of the error due to the continuous chain limit, reads

G4(0) =&+ Sc;— |5, — s;| + O(12) (A9)

with the abbreviation

. _l+<2si—S>z+<2sj—S 2
e 28 28 /)

For D;(0), Eq. (A.6) is reproduced exactly.

VAN
o

(A.10)

N =
A
RN
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Now, we analyze the time-dependent part. Equations (A.2) and (A.3)
yield
Dy(1) :=D (1) — D(0)= —G,(1) + G;(0)
=21 —e Ty L STa(i—j)+ai+j—1)] (A.11)

with
1 MZ'cos 2mg, s
(m) ———( 1 —e~ 2! 'snu-(ﬁk)
“ 2N? kzl sin” ¢
Il I de N1
“J 5 Z cos 2mg, e =i (A.12)

I is defined in (A.4). In (4.10), 2dI" |t| was determined as the free (v=0)
mean square displacement of the center of mass of a polymer within time
t. The quantity 2dS is the mean square end-to-end distance of the nonin-
teracting chain (#=0=v). Consider now the exponent of (A.12) in the

continuous chain limit:
2 F k2
kln?—r[l+(9<—_1“>], k=0(1)

2,? sin’ =14 s S (A.13)
114(0(1), k = O(N)

For jz > ((]*) the approximation (A.7) is justified, because the contribu-
tions of the modes with & = O(N) are exponentially suppressed. Taking the
continuous chain limit, (A.12) takes the form

riys = 21 22

a(my=[ " dt ¥ cosmk "z ek (A.14)

0 k=1 S
(We thus exclude the microscopic time scale yz < O(/*) together with the
microscopic length scale / from our analysis.) The function (A.14) depends
only on the dimensionless time

It t t
oLl _p10_ 71

(A.15)

and on the segments measured on the scale of the whole chain s,,/S =m/N.
For T>= 0(1) the temporal integral can be evaluated to give back a
form of the structure (A.3)

& cos(nks,,/S)

am)y= Yy

(1 _e——lnl/Z)sz) (A.16)
K K2
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The first part of the sum is the t=0 contribution [Eq.(A.8)]. The
T-dependent part of the & sum for 7= @(1) converges quickly due to the
exponential suppression of the terms with k27> 1.

For T <1, however, (A.16) cannot easily evaluated. In particular, an
expansion in powers of T does not exist. Here the Poisson sum formula is
useful

+ o

+oo
Z e — n2h3 + 2mikx __ J dk 2 e2nikv o — 2kt + 2rikx

k= —o0 - V= —co
+w 1 ! 5
=L gme (A17)

since it allows us to evaluate (A.14) as

-T ** T dt )
—_— —(2v+ 5, /S) /2t
(m) 3 +‘=ZU j 271__[)”7
=T 172 = <2V+S,”/S>
=—5" h — A.
7 TN 2 e\ oy (A18)
with
Loods : o dt )
= =¥y —r )
s)=], 20 ¢ A, e (A19)
= + yerf y—|y| (A.20)

7
e - i < 1)"1"(11+1/2)
ISV i)

I(x) is the I' function and erf denotes the error function

(A.21)

erfx=ifxdte_’z, erf(—x)= —erfx, effoo=1 (A22)
Vo

Since the function g(y) will be central for the further calculation, we list
some of its properties:

(=) =g, 0=g<oo)<g(y)<g<0)=ﬁ (A23)
g(y)=6”<e_,r) for |y|>1, %) _ —1+erf|y|<0 (A24)
y* a1yl
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Using (A.24), it is found that contributions in (A.18) with

2v+s,,/S
(2T)l/2

2vS+s,,
(27 )y

decay exponentially. Accordingly, for T<1 only few terms of the v sum
contribute. For T> 1 or for T<1 we thus use Eq. (A.16) or Eq. (A.18),
respectively.

Returning now to the evaluation of the functions G;(¢) and D (), the
following relation holds in the continuous chain limit due to (A.2), (A.9)
and (A.10):

>1

Gty =&+ Sc,;—Dy(1) (A.25)

Emphasis from here on will be laid on the evaluation of D(¢).
For T> 1, Egs. (A.6), (A.8), (A.10), (A.11), and (A.16) yield

Dy()=&(1—e ") 4 S,
z 2 — %272 < s,~—S»> ( S,-+s<>
— L w2 | 2T '
S k; i [cos mk =<~ | +cos nk 5 (A.26)

As was to be expected, D (1) for T> 1 approaches [cf. (4.6), (4.7)]
Dy(1)=¢& (1—e~ ") + ((S)
=%((Rcm‘p(l-*—tO)_Rcm./A(tO))2>O+(9(S) (A27)

i.e., the distance of the segments at large times ¢ is dominated by the dis-
tance the center of mass has diffused.
For T« 1, Eqgs. (A.6), (A.11) and (A.18) yield

D(t)=|s;—s;,| +C <ST2 g)

) , & S;—s;+2vS S +5;,+2vS
e ¥ [« i) s ()| e

The contribution of the center-of-mass motion k=0 vanishes up to the
correction of the order given above.

On physical grounds [cf. (A2)] we expect D;(t) to grow
monotonously with «. For T< @(1) and £2» S this can be verified by, e.g.,
inserting the first line of (A.18) into (A.11) and taking the temporal
derivative. For T> (@(1) the same can be derived from the derivative of
(A.27). So

v= —~c

oD,
—aﬁ(lﬁ >0 for r+#0 (A.29)

i, j =const
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Inserting the last equation of (A.24) in (A.28), it is straightforward to
derive

‘ oD (1)
0l(s;i—S/2)+ (Sj‘ S/2)| 1(si — $/2) F (sj— S/2)|, |7] = const

>0 (A.30)

for (s5;—S8/2)%(s;—S5/2)#0 and t#0. The chain parameter s,—S/2
appears for symmetry reasons, since both ends of the chain s;,=0, S are
indistinguishable.

Using (A.2) or (A.6), we furthermore find

D;(t)>0 for i#jort#0 and D, (0)=0 (A.31)
We conclude, that Dy(¢) is monotonously growing in each one of the
variables [¢|, |s;—s;|, and |s;+5;— S| starting from D;(0)=0.

The short time behavior can be further approximated by [cf. (A.24),
(A.28)]

O (9 112 5;—S; s,-+sj> (s,-+sj—28)
Dy(n)=(27 1) [f<(2ﬁ|tl)"2>+g<(2ﬁ|t|)”2 ANCTI
+0(|T| e~ 'T“)] (A32)

The two g functions represent the chain end contributions, while

S(y)=g(y)+ 1yl (A.33)

is the contribution which is independent of chain length.
In the limit of infinite chain length § — oo, D;(¢) reduces to

Dy(1)s = (2 lﬂ)”ﬁ(ﬁ) (A.34)

This reduced functional dependence D;(t)s_. . was derived previously by
de Gennes''” and was used by Martinez-Mekler and Moore''? in their
calculation. For T— 0 we find

lim Dy(0 =1
T—0 i, 85=const (2)5 |t|)1/2f((si—3j)/(2)’j |t|)1/2)

for almost all s;, s; (A.35)

822/82/1-2-16
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Some useful representations of f(y) are

-y Il
drerft (A.36)

1
f(y)=7—;+yerfy=ﬁ+ ,
e-yz o (2y2)n
f [y+ite™ =—<1+Z——> (A.37)
_w\/_

Jr = (2n—1)N!
It obeys the relations

1 1
—y)= , —=f(0)< <— A.38
S=y)=f(y) 7 J(0) f(y)<\/7-z+|y| (A.38)

1) Uy ( 6>
lim =<1, =erf|y|20, (1-y— ==
sz 1] oLy = Y ay) T Jn

200 =2y " ()= f"(y»)=0

For further convenience the functional dependence of the full distance
function D;(t) is summarized in the notation

{A.39)

—s,  si+s, 28
D, (1)=(25 |t ”2F< o S ) S a)
A0 =@ i ™ @

for (27 |t1])'? < &? (A.40)
with

Fly,z, )=lyl+ Y (g(y+vi)+glz+vd)) (A41)

v= —co

as a convenient form for 1=(2/T)'”? > (1) and é%» S, and

1 z y*+z
F(y z, )= —+l(§~z+ JE >

1,52 k2 k2
’kz g KR <cos nTy +cos = 7 Z) (A42)

—Z

for (S/E2)2 < A=(2/T)'* < O(1).
F(y, z, 1) has the following useful summetries:

Ay, z, Y=F(—y,z, )=F(y, -z, ) =Fy,z+ 1, A) (A43)
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(A.42) seems to violate the last symmetry in (A.43); however see the restric-
tion to ye[ —4/2, 4/2], z€ [0, 1] of the derivation of (A.8), which is used
in (A42).

Due to (A.41), (A.33), (A.23), and (A.38), the inequality

1
Fy,z )2 f(yy=z—F (A44)

N

is valid for all y, z and A

The factorization of D(¢) as in (A.40) is very convenient for calcula-
tions at T < 1. For actual evaluations in the case of T> 1 it is, however,
more appropriate to rewrite D;(¢) in the form of (A.26) with the dimen-
sionless system size =2 =¢&?/S:

— 2 248 s+
(t) = T2(] —e—T/F Zydi vy Zitey
D (1) S[H (1—e )+<3+ 57 5 )

2, k(s —s, +s,
e“”""”l(cosn(s' s’)+cos”k(s'+sf)>} (A.45)

k

nk? S S

18

1

Here S is factorized out instead of a factor of (27 |¢[)/>

APPENDIX B. THE € POLES OF ¥, _(q, t)

Here the divergencies of %.,.(q,#)g41, (4.15), are determined. The
expression is given for 7= 0 by

gcm(q’ f)0+l
=exp[ —q*¢*(1 ~e )]

DU(T)—3+C/2

i — It — Sds.ds.
x[l+ﬁqzj Ide (exp u ”)J 45
0

& o 4
—t qZ&{Z(t’ T, _[:)> qz&fz(l‘, T, T')]
rdd B.
xjo dr <1 + 2D,(7) e 4D, (1) (B.1)

with =4 —d, with D;(¢) from Appendix A and with

(1,1, 7)=E2 (1 —e =T (e~ T¥IF g~V —T—TF) (B2)
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In the limit I't/é%2— 0 of small times or infinite volume, (B.1) reduces to

im  %..(q, o1

ryet -0
ds; d
—e‘qzr’[1+vq f I'dr J %1 45 Dy(r)3*?
2 2
x I'(t—1) (1 + M) eqzm,z,,),,(,,] (B.3)
Dy(7)

¢ poles can only originate from zeros of D, (7) in (B.3). Due to the
representation (A.40) of D;(7) and the inequality (A.44), the zero can only
be hidden in the factor (2f7)"2 The variables (s,—s;) and (s;+s))
obviously play different roles, as one sees, e.g., in {A.35). Therefore the sub-
stitution is also done in an asymmetric way as y=|s,—s;|/(2f7)"? and
m=s;+s;. Making further use of (A.43) and expanding the last exponent
in (B.1), resp. (B.3), we can write %..,(q, t)o4, for It < O(S) <& as

gcm(qa t)0+ 1

=e—q3n[l+vqrtj‘ rdr—zz”“( ) Ja’m

mf(251)'2 m 25 —3+¢2—n
d 2" (—2+c/2+3n)/2F< ) -, >
XJ.O ly (2971) y —(2?‘[)1/_ _(2)71)‘/2

n!

(B.4)

For d<4 a divergence of (B.4) only can originate from the n=0 term,
which contributes an ¢ pole. All other expressions are finite. The pole can
be evaluated as

t 1 ¢S my (252 -3 +¢/2
f Fdr—J dmf ) dy(2?r)_1+‘/“F< " 25 >
0 2 0

> 250) " (250)

_ L 7 F— 1+ dm '"/\/— m 28\ "3+e?

NARVL:

2/‘ &4 o )
=(yTt)L dyfly)=>* " + regle)

As\E/4
=M+r°g(8) (B.5)
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where reg(e) denotes the regular contribution in ¢ in a consistent & expan-
sion, and

1=j0°° dy f(y)=* =3.587 (B.6)

The number 3.587 is derived by numerical integration of the function f{ y),
(A.36).

The ¢ pole (B.5) is independent of ¢ as long as ¢ > 0. It can be traced
back to the short-time singularity of D;(#). Since f(y) asymptotically
approaches |y| for |y| > 1 (A.39) and since f{0)=1/,/7, the integral (B.6)
is dominated by contributions of y=|s;—s;|/(25)">< O(1). The ¢ pole
thus represents a short-segment-distance, short-time divergence. Chain end
effects do not appear.

Considering now (B.3) for T=1TI71/S = (1), we note that the interval
of 7 integration also extends to I't/S=((1). On the other hand, for
T'=0(1), ie., A= 0(1), the behavior of D;(t) changes drastically and a dif-
ferent representation needs to be chosen, as was discussed in Appendix A.
We find

lim gcm(q’ t)0+ 1

rye—~o

: Ay 1/2 &f2
=e-q’”[1+ﬁq2n<1(mm{(2y;) . SP) +reg(e)>] (B.7)

Let us finally analyze the integrals for & < 0o0. From (B.1) for I't = O(&?) we
derive after splitting again the 7 integration into the parts with I't/S <1
and I't/S>1 and using (A.40), resp. (A.45), that

&/2

(IS
Gnl @ D)0+ 1= Fom(Gs Do [ 146 te e < :

+reg(s)>] (B.8)

for I't/S>1
(B.7y and (B.8) together yield (4.32).

APPENDIX C. THE TREE APPROXIMATION FOR ¥¢,,(q, t)

The tree approximation for %,(q,t) is given by the first order of
perturbation theory for (5.6). It is evaluated by means of Egs. (5.2)—(5.5).
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The function is a cumulant, therefore there are no disconnected
diagrams. Dealing with only one coupling in the tree approximation this
coupling must act between the chains. Therefore the summation § 32
over the chain indices in S}, (5.3), can be replaced by

rnr=1

1 2 2
5 Z 5rr’)= Z 5r16r’2

rrr=1

The evaluation of (5.6) then yields to first order in the couplings

Ys(q, t—1'),

= —j e Z J ydt, ydt,
fj=1"—

X {ua(tl —tZ) [.%(l, 1’ P; tl) +'@(ja 2; —b, t?_)]

_v(p) %(la 1, P, tl) '%(j, 2s -bs tl)}

xexp(——'[dtdr Z z Z hf,:)(f)mGa'(T r)hj‘/’,’(r )“,>

r=1 ij=1 u=1
(C.1)
with the fields
h‘,,r;)(r)(l)=ht;;)(‘[)(0)+p;l(61i5rl5(r—tl)—'aljérla(r_'IZ)) (Cz)

The response operators are

Pq <
A, 1,p, t)=——= Z iR,(1—t,)+ p*iR;(0)

\/sz=l

_pq 0Go(t—1))
= o(t t')—y ar, (C.3)
and
. Pq OG(t' —15)
2 - ) =" f— R
'%(J, 1l pa t-) N e(t t2) y atz (C4)

For the last line of (C.3), Eqgs. (3.38), (3.41), and (4.12) have been used.
The exponential of (C.1) with hf;)(r)(,) from (C.2) takes the form
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1 2 N d
exp(— ijdr 'y Y Y (D) G,-j(r—r’)h}/’)(r’)“))
r=1 ij=1 u=1

~exp {— L 6o+ R [Golt— 1)+ Gl ~ 1))

-2 16,0+ 6,001}

_ 202 P4 , P’ .
=exp§—q°¢ +_A7[Go(t_’1)+Go(t —b)]—;(é + Sc;) (C5)

where (3.27), (3.31), (4.12), (A.9), and (A.10) have been used.
In summary, after evaluating the 6- and J-functions of the time
variables, we have

%i(q, t—1'),

N
= e~ | 4 2 @ —PHE + Scy)

Poij=1

' Pq oGt —t1)  (” ggaGo(t’—tl)>
x[u(J’_wdtl N o, +_[_°odt, N—atl

% e(PQ/N)(Gu(I—l|)+ Go(+' — 1))

! pqoG(t—1t) (" pq 3Go(1' — 1)
—vJ_wdtl N atl J‘_wdtz N atz

xe(Pq/N)(Go(l—nHGo(l'—tz))] (C.6)

The time integrals in the contribution proportional to v easily are
evaluated. Making use of (4.12),

Gol(t) = N&2 =1

we find

J’ dr I_)I% aGO(at‘[_ 7) e(PUN) Gol1—7) _ oPac? (C.7)

A completely time-independent term results, as was to be expected.
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The time dependence of the coefficient of u is more complicated. With
t = t' some intermediate steps of the calculation are

ano(t pq G’ —t1)>
dt, —=———=
<j at N t J ot,
xe(Pq/N)(Go(l—n)-l-Go(f —n))

" PG 0Go(t = 11)\ _ (parmiGuts — 1)+ Gotr — 1)
_<J dtlal+<[, dth ar, e N+Gotr —n

Integrating the first term and symmetrizing the second by the substitution
t—t,—t,—t, we find

fu = e(PUYNXUGo(t —1')+ Go(0)) _ o2(pa/N) Go(w0)

+J dtlpqa(G"(t_t) GO(I]_t,))e(pq/M(Go(l—ll)+Go(11—l'))
20t,

Insertion of Eq. (4.12) yields
S,=exp[pq &1+~ =r1)]

I — /282
+ j dr k cosh 7 etk osh (C38)
0

where
k= 2qu7 ~r|t—r/g

In the limit of large & we find
2
g, =ePa e=Palli=rl() 4 pqI" |t —1' |)+(9< w> (C9)

Inserting these results into (C.6) results in

dpld _. . X
9 ,(q, t)1=J. (217){)" e~par e ~PSey

Lj=1

x[v—ue_"qr"'(l +pql|t)+ 0O (“ pq (I;Iz)_>]

N
=é—d(4n)—d/2 I Z e—qZSL‘,'j

iWf=1

2
x[u—ue‘qz""’(l +q21"|t|)+@<g§—;, uqz(?z) )] (C.10)
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The last expression is evaluated for S < ¢? and I |¢| < &% Here 0(g) means
O(u) + O(v).

APPENDIX D. THE ONE-LOOP DIAGRAMS FOR ¥4,,(q, t)

Here we outline the derivation of the expressions (5.11)-(5.13) for
4.,(q, t), from Egs. (5.2)-(5.6).

%.,(q, t), is defined as the second order of perturbation theory for the
function defined in Eq. (5.6). The diagrams have two interaction lines and
the two chains are connected by at least one interaction. Accordingly, they
can be grouped into two diagram classes, the 3+ 1 and the 2 + 2 diagrams,
as defined before and at Eq. (5.11).

The 3 + 1 diagrams will be considered first. They have three interact-
ing segments on one chain and one on the other. Due to the invariance of
the observables under renumbering the chains and under q -+ —q (isotropy
of space after ensemble averaging), one can reduce the diagrams to those
with three interacting segments on chain no. I and one on chain no. 2. The
second set of diagrams then simply can be derived by exchange ¢t < ¢'. One
then, however, is not allowed to fix the sign of £t —1¢".

There are two interactions o =1,2 in (5.2). Fixing c=1 as the self-
interaction of chain no.1 and o=2 as the interaction between the two
chains, a factor of 2 is gained. Then ¢, > ¢| yields another factor of 2 as a
coefficient of v in the o =1 interaction. Fixing r,=1 and r,=2 in the 6 =2
interaction results in another factor of 2. The 3+ 1 diagrams thus are

8(q, t—=1) 41
N o
=f Py f y*dt, dr) dr, dry
P1.P2 ijkd=1"—"%
t,— 1
x{g—a(l}’—l)[ﬂ(la ia P> tl)+'@(1’]’ —Pr tll)]

-0 H(tl _t,]) ‘@(1’ i9 P> tl) '%(1’]’ —Pis t’l)}
X {u@ [2(), k, s, 12} + R(2, ], — D, 13)]
-0 '%(l, ka pZ’ 12) '@(23 l, _p27 tlz)}

1 2 N
X eXp {— -2—de i’ Yy, Y Rp(T)e Gy(r—r’)h};’(t’)(z)}

r=1 ij=1

+(test) (D.1)
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with the fields

AU z)m=5,,< ./ oz —1)+p,(0,0(t—1t))—d,0(t—1}))

1w \/—

+p2/151k5(r - ’z))

+0 (L bte— )= py 8,001 (D2)

=

Inserting these fields, we obtain the exponential function in (D.1) as

exp<— —jdf dr’ Z Z hH(T) 2 Gylz — ') (T )(2))

r=1 ij=1

=exp[ —&*q+p.)* —p3Scy—piD;(ti—11)]

xexp{ p‘q[Go )—G,,(t-—t,)]}

xexp{— Go(f—tz)—Go(t""tlz)]}

x exp{ — P, P2[ Gault, — 12) — Gy (1) — 1)1} (D.3)

Exactly as in the tree approximation (C.10), a factor exp[ —¢&*(q +p,)*]
appears. For any function f(p,) which can be expanded in p,, the following
identity holds:

dp, Aflq)
(2m)? 4&%f(q)
As long as the quadratic length f(q)/Af(q) is much smaller than &2

exp[ —¢*(q +p,)?] can be replaced by (n/E%)%* §¢(q + p,) with an error of

the order of [ Af(q))/[€3 Q)]
The response factors are

—G(q+m)3f(p2) ={4nE " f(q) (1 + + - > {D4)

(1,0, p), 1) = _P;quiRO(t—tl)—p?l-fRij(tll — 1)+ P P2iRy(t,—1))

(1, J, —py» ['1)=B'NqiRo(t—fll)—P%iRﬁ(h—f’l)—‘Pnpszjk(’z“t’l)
Paq (D.5)
AL, k, py, 15)= — ;V iRo(t— 1) ~ Py P2 LiRii (1) — 15) — iR (1) — 15)]

M2, 1, —p, 1) = —ELLiR (¢ ~ 1)
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Obviously the structure of the second chain is much easier. If
#(2,1, —p,, t5) appears with a v interaction, the 75 dependence can be
exactly integrated out to

,fw y dt’z R(2, I, —p,y, 1) e ~(P2a/N)(Go(0) — Gol' —13)) _ | _,3—pzq€2 (D.6)

Equation (D.4) cannot directly be applied to the correction exp(—p,q¢?)
in (D.6) because it contains the scale &. If inserted on the left-hand side of
(D.4) for f(p,), however, it vanishes like exp( —32q?¢?) for |g| ~' <¢&. It thus
can be neglected together with the other corrections on the right-hand side
of (D.4).

We now decompose g(q, t); i, into

8(q D341 =8(a Nasr, )y T8(A D311, )
+8(Q 3t om+8Q Divcry (D.7)

Omitting further details of the calculation, we find as the simplest term in
the limit of large &.

o
4ne?

2

dj2 N . ,
_ 2 / —q¥Ser— pEDy(0)
8(q, t—1)z41,=—V < > I3, emdSwoRDy
pi

i d=1

© P
X J dr — e—PIq(Gik(T)—Gjl(f))
0

Il

J2 \92 N
2 d —q*Scy — p*D(0)
—v —7> f % e i
<47Tf' P

ijkd=1
X(l _.e_PCl(Gik(o)—GjI(o))) (D.8)

The time dependence is here completely integrated out. Note that in (D.8)
the evaluation of the time integral at t= —oo contributes a 1, which is
essential for the further calculation. In contrast the evaluation of the time
integral at t= —oo did not contribute in (D.6).

If u acts between the chains and v within one chain, one finds

g(q’ - t’)(3 +i, i)

2 \dj2 N
— d —q¥Ser—q*rir—1r'|
=pu|— f 1 e
<4n62) p Z

i jkd=1

% [(1 +q2]“ It_ t'|) e_PzDij(O)(l _C—Pq(Gik(O)—ij(O)))
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lr=1rl d
+2j [dede de" 01t — 1| —t— 7 — ") g¥(pq) 22AZHT)
0 I'ot
xe_pzD,vj(t)—pqu,*(r+r')—ij(r’)—l'r)] (D9)

If the self-interaction of a chain is via u, the factor (¢, — t}) facilitates
the evaluation of the different time orders and

ga 1 =), +8(Q =) 41,0
=u(v—u(l+q jt—r|)e 37l

l- df2 N )
< ) j I e—q'Srk/—pzDij(O)(l _ e—pq(Gik(O)—ij(O)))
i k =1

(D.10)
After performing the p integration, (D.7)~(D.10) yield Eq. (5.12).

We now proceed to the 2 + 2 diagrams. They have both interactions
acting between both chains. Fixing r, =1, r\=2, r,=1 and r,=2 yields a
factor of 4 in the S%), (5.3). Explicitly one then derives

(qa f)(7+')) 2~[ > Z J ¥ df dl dt-;df',

P1.P2 k=17 "%

ot — . . )
x{u———ly—l[ﬂ(l’lapl’rl)+'%(2aj’_'pl’tl)]
_vﬂ(laiapl’tl)'@(z’ja _p]wt'l)}

x {u‘s—(’—y;’—) [R(L, K, Do, 12) + B2, [, =, 15)]

— 0 B, ke, P, 12) H2, ], — s, r'z)}
xexp[ —&X(q—p, —p.)*—(p, +p2)(p1 Sc;+paSci) ]

xexp{ 212640 - Gou—z.)—Go(r'—t',)]}

X eXp {_ pqu [2Go(0) — Gyt — 1) — Go(? "‘tlz)]}

xexp{plpz[Dik(tl_t2)+Djl(t,l_tll)]} (D.11)
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The coefficient of £2 again can be evaluated as a J-function just as in (D.4)
if £ is much larger than all other length scales. Here we find

exp[ —&%(q—p, —px)*1 = (n/EH) 6‘(q—p, — p,) (D.12)

The response factors are

R(L, L py, 1) = ‘P‘Ilv—qiRo(t_tl)+P|P2iRik(’z—tl)
(D.13)
R(2.j. ~p1. 1)) = =L iR(1' = () +p1p2iR, (15— 1)

with the two others found by exchanging indices 1 <2, ik, and j« /.

As previously, partial integrations in time can be performed to simplify
the expressions: Suppose that for the two interactions of the first chain
t, <1, holds. Then

P29
.@ l,k, 7,[7 = -
( P2 £2) N

iRt — 1)

due to 6(0) =0, (3.38). In this case only (1, , p,, f,) and the exponential
depend on ¢,. Therefore the latter response factor can be written as

. = = 0
A(), 6, p, 1) = —’P)Tl\,c“llRo(tl —t)+P|P21Rik(t1—fz)+5 (D.14)

1
with

0G (1)

EO(T) = 9(7) iy ot

, 0(0)=1, etc.

ie. Ry(t) and 1?,-,(1) are identical with Ry(t) and R;(7) except for the value
of the f-function at 7=0. The derivative 3/0¢, in (D.14) acts on the
exponential and allows for partial integrations in ¢,.
The four types of 2 + 2 diagrams are now treated separately according
to the couplings appearing, in close analogy to the 3 + 1 diagrams, (D.7).
The time dependence of the v? terms can be completely integrated out
to yield

8(Qut — ') 242,
UZ 12 df2
LA S It d8d(q—p, —p,
2<4n52> | rensta=pi—pa

N
x z et —P1aScj—p2qSci +pip2L Di(0) + Dt M) 1} (D.15)

ijk =1
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Just as in (D.8), the ¢ dependence is completely lost. This is easily under-
stood, since for ¥ =0 the chains interpenetrate freely. The v contributions
originate from correlations of the centers of mass due to the quenched ran-
dom potentials. These correlations are necessarily time independent.

The u* term becomes

(a1 —1) 2122

uZ [2 df2
~Sam) [ _reseta—pi-p)

P1.p2
N ]
X Z e —p1aSc;— p2aqSex — QT 1 — ']
i gk =1

X [(] + q?-]" |t — t'l) eP1P2L Dik(0) + Dy(0)]
lr—r]
+2(p1Q)(p29) | Fdrr(lt—t'|—r)evmztDw>+DﬂmJ]
0
(D.16)

The uv term is again the most complicated one. It finally “reduces” to

g(qa t— t,)(2+2. vu) +g(q’ - t,)(2+l, uv)

— i ” l(l 2 d 51/
= —uv i J (2r)“ 6“(q—pi1—P2)

PI-P2
N

x Z e ~P1aSey — paSey ~ Q|1 — 1|

i jkd =1

% |: (14 qzr [t—1t]) eP1P2(Di(0) + Dji(0))

lr—7r]
+q* [ Ide IUt—t]=7) (p,q €™V +pyq )

o

% ePle(D.-k(r) + D;i(0))

1 plr=21
+§j Tdodt Ot =1 —t—) —1+@PI(t—1'|—1—7')]
0

X [(p] q)2 eplqr(r+r’) + (pzq)z epzqr(t+,:)]

xeplpz(Dik(r)+Djl(r’))] (D.17)

Equations (D.15)—~(D.17) yield the expression (5.13).
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APPENDIX E. THE € POLES OF 9,,(q, t)

Here we determine the ¢ poles of the one-loop expression %,(q, ?),.
This function consists of two parts [see (5.11)]

%2(q, 2=g(q, 1341y +8(Q 242

g(q, 1)3+1, 1s given in Eq. (5.12) and will be analyzed first. Skipping prefac-
tors, we start by considering the part

S 2
o, =f0 ds, ds, ds, ds,; e =5 D (0) =2

§ (1  exp L16ul®) —G,-k<0))-> E)

4D ;(0)
In normalized segment coordinates i [cf. (5.16], with Egs. (A.6), (A.9), and

(A.10) inserted and with a Taylor expansion of the second exponential,
becomes

172 ) 1
&{l = _S4_!1/ZI di dj dk dle—Sq-(1/6+k-+l-)
—-172

x 3 2 (T ) =il =k -kl (E2)
ooyt 4

The nth term of the expansion under the integral is proportional to
li—j| ~2+"+%2 The integral is a generic one of polymer statics just like
(4.25). For d=4—¢<4 all terms with »n>2 are regular. Only the n=1
term contributes an ¢ pole:

3

12 44 0@) (1
[ diditieii =R @ - li-k -k =220 (L)
1/2

and the divergent part of .« is explicitly

g =w Se282 Jl/z dk dl e—Sq3(1/6+k1+|2)
~1/2
2 1 2 2
x[ —8q2 <g+k-+l->] (E.3)

In (E.3) 2k? is replaced by k?+12 in the last factor, which is obviously
allowed.
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The next term to be analyzed in (5.12) is

s ' d%p 0G (7'
— 3 ’ " P R bl 2 Jjk
,wz_jo ds,-dstI" dvde de" O(t—7—1' —1 )Jnd/z(pq) s
xexp{ —p°D (1) —pq[ Gult + ') — Gul(t') — I't]}
3G 4(7)
rot

—

S t
ds,-dsj_[ rdcI't—t—-1')
0

0

= 1+2n /q*\" ) , , ,
x " <%> Dy(0) " R Gulr+ 1) — Gult') — e ]™
(E4)

In the last expression p is integrated out and the exponential is expanded.
Divergencies in (E.4) can only originate from D;(t)*~"*%? Due to the
structure of D;(z) as discussed in Appendix A, especially in Egs. (A.40)
and (A.44), a factor of (2f7)'/? can be factorized out of D,(t) as the term
causing divergencies. The rest of D, () is finite, after the segments have
been rescaled as

y=(s;—5)/(22)"" (ES5)
(The same has been done in Appendix B.) For the evaluation of (E.4) one
furthermore needs the t dependence of [Gu(r+17')—Gy(t')—It]. For
I't/S <1 it takes the form

[Gulr+7') - Gyult') —IT]
= [{Gik(r‘i'rl)_Gik(T’)} + {Gik(r')_ij(Tl)} —It]

It 2re\'* It
=s|o(5)ro((5) -5
12
=S(0<2—§T> =0257)'7 (E.6)

The full term
Dy(t) PGt + 1) — Gplt') — IT]™
in (E4) for I't/S <1 is thus proportional to (297)**"~%2¥2 Another factor

of (2t)" is gained by the substitution (E.5) of the segment coordinates.
Therefore only the n=0 term in (E.4) contributes an ¢ pole and
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= 2_[ Jd' Jk(T)J FdeIt—t—1")

(8 — 5)/(2§7)' 12
d|

2 —3+¢/2
dy (2?1)““"2”2F<y, S )

2s; +
@) 250"
+ reg(e) (E.7)

—sj/(29r)2

The evaluation of the ¢ pole proceeds now analogously to (B.5) and yields
as a first step

[t—7)4I+0(e) . .. ..
oy = 2[ J'dl k(T) (¢ T) +£ (8)( n{S',Zyt})‘/“ (ES)

S

Making use of (4.12), one finds
S 0G,(T 2
[ a5, 20 g pe-re (E9)
0 ot

and

b= —q(I'1)* <1 +0 (éz>> I+f(") (min{S2, 2})**  (E.10)

Using the equivalence (E.1)=(E.3) and (E4) = (E.10), we derive Eq. (5.14)
from (5.12).

We now proceed to the analysis of the 2 4+ 2 diagrams as given in
(5.13). There are four terms, of which only the first contributes an & pole.

This first term g(q, £)(>, 1, 1, reads, after integrating over p, and p, and
in normalized segment coordinates,

8(q, o

1 2 2 2
=é“d§[ﬁ‘+(ﬁ—2ﬁ)ﬁ(l+q'Ft)e“‘ ]

172
x §4 -2 j didjdk dl

—-1/2
xe—Sq(l/6+|+jz)(l k|+|j ll)—d/z

Sq¥(li—k|+]j=1 +k>=i2+12—j%)?
E.l11
X exp ai—k[+ =1 (E11)

822/82/1-2-17
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The divergence appears for d<4 if simultaneously [i—k|—0 and
[i—1—=0. The expression in the last exponential is of order
Sq20(Ji—k| + |j—1]). Again the leading term of the Taylor expansion of
the exponential contributes the leading singularity. This leading term is
here unity. The essential integration for deriving the ¢ pole is

1/2 0
f dkdl(|i—k|+|j—l|)—2+€/2=%g—) (E.12)
172

and
8(Q Napa 1y = [*+@—20) (1 +q*I1) e =)
x §? _[1/2 di dj e ~S¥U/E+E+ S + 0(e)
—172 €

(E.13)
The second term on a level equivalent to (E.11) reads

1 l/z 2 2 2
80 Daenny =2 [ ddlemSteriters
12

wot 1/2 2
x2a% e~ | dr (z—r)j didjid

0 12 2

—di— 2 quz
A dj2—1 e B
X [Dylt) +Dy(7)] <Bq 1 Dik(t)+Dj/(T)>

B’.’ 2
X exp D 9 (E.14)
ik

#(T)+ D7)
with
B=Dy(t)+Dy(r) +k* —i*+ 17—
Again the zeros of B are of the order of D (t) 4+ D(7). This implies that
again the most divergent term is given by the lowest order of the Taylor

expansion of the last exponential. The divergence of this term is due to the
integral
1/2

erz([—T)J 2 didj [D,k(T)+Dj/(T)]_'—"/2
0 —12

‘ (— s+ S/2)/29002 e o(—s1+ S/2)/250)2 g
=[(ai-0] = 2 (2pc
0 (—se—sp2zpe? S Y

—si—spyypmin S

25, 28 2s, 28 3+
F Vs 2l =vs A o) F 9 "~ ol k] A »l
X[ <Y 2T (2yr”-)+ <y 202 Y (Zyr)”')]

(E.15)

)( —1+£/2)/2
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A singularity can only result from the t integration. It only appears for
dz=6.

The treatment of the next term is analogous. The most divergent term
contains

(Dulz) + D (0)) 2+

Divergencies only appear for 4> 8.
The last term finally contains

(Dil(t) + Dy (r')) ~3+502

It diverges only for d = 10.

APPENDIX F. THE € POLES OF ¥, (i, j, q, t)

In the expression (6.6) there are three terms to be analyzed. The first
one is

s 2 Zgi"m 07 0’ t ?
K =j ds, ds,, |5, —,,| ~* <exp 4 Pyen 9,0, 07 - 1>
o 4 |Sk_sml

— $ S < 1 q2 | —n—=d/2 g 2n
= j dskj dx Y, — (5 ) I B » 0,0, 1) (F.1)
0 -k n=1 n:

Biam(0, T, T,) can be written as
Bl 0, T1, T2) = bk, m, 1)) —b;(k, m, T5) (F.2)
with
bk, m, t)=Dy(t)— D, (1)
For =0
bitk,m, 0Y=|s;—sp| ~ |8;—5,,] = £O(s, —5,,,) (F.3)
For t#0 one derives by means of (A.28), (A.33), (A.39), and (A.24), that

bk, m, 1) .
“agoe Pl

>3}

+ Y [gy+w)—g(y+y,+w)

+g(z+vu)—glz—yr+w)]
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S LS+ )= f(y +y2+ ) + £z ) —f(z = y2+ )]

V= —00

of“ [ —erf(y + vu) +erf(z + vu) ] + O(y3)

0D, (7 5
=3 2250 4 oy (F4)
Sk
with
8;— Sk Sk — Sy, S+ Sk 28
=ik o , z= . p=— FS
e o e e )

b;(k, m, t)/(297)'7? is expandable in y, to all orders, because

& (=)’ 2 e
Z "_Z(x)jr_ce (F.6)

with the Hermitian polynomials H,(x).

For the present calculation it makes no difference whether b,(k, m, t)
is assumed to be expandable in (s,—s,) or whether actually
b,(k, m, 1)/(291)"7 is expandable in y,. The distinction, however, becomes
crucial in higher orders of perturbation theory. In any case we conclude
that Bk (0,0, 1) =0O(x). Thus in o, (F.1), only the n=1 term
contributes a singularity. It is

S(x+y2)=f(x)

S S — 5 2
Ml=[1+(9(s)]jo ds, | "dx%lxlj—d/l

—sk

|si_sk_x|_|si_sk|_aDjk(t) < X )]}2
x{ x 2, | T\

L1406 g f dss (‘D‘k(o)“’)f""”f (F7)
St

£ 5]

The following identity can be derived from (A.26) and orthogonality
relations of sin and cos:

jd < 'k(t)as jk(rl))>—=4D,~j(|r|+|‘c’|)—2D,-,~(2t)—2Dj,-(2‘r') (F.8)
k

Accordingly, .« becomes

”1=1+a(9( ) ger2 q°[4D;(t)—2Dy(21)] (F9)
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The second expression to be analyzed in (6.6) is

2'%]70'1(01 T, — t)z

s ¢t 3 q
— —df2
b= L ds, ds,, |5 — Sml L dr EY exp

4 |sk_sll1|
S— 5 2 1 /q2\**! n+1—dp2
_2'[ dskj de dr" 0;<z> x|
o <-%jk(k+x/12)(0, 7, l—f))zn“ 0B i+ (0, 7, 1= ) (F.10)
x x 0t

The discussion of %;,(0, 7, 7,) applies here again. Only the n=0 term
contributes a singularity and

2 .S S—g I3
%=[1+(9(a)1%j0 dskf *dxfodqxp_m
— sk

(b ik, k4 x/12, T) = bk, k + x/I?, t—‘t)>
*

x
B e 2
OO e [, [ e 2 ( (Ditt) = Dyl r))) (F11)
&€ 08y
Insertion of (F.8) and partial integrations in time yield
1+0 oD,
o= +£ (¢) S q? <4z af;(”_zpﬂ,(g;)) (F.12)

The last term to be discussed in (6.6) is

S 1
%:L ds, ds; g2 L drdt O(t —1—1') Dy (1) P

9D, (') ODy(t—1—7') °2°: 2n+1 <q293,.jk,(t, 7, t—r’):')" (F.13)
or' ot—t—7') 2, n 4D, (1)

where again the last exponential has been expanded. Singularities here
come from D,,(z) and more specifically from factors of {297)"/?, which can
be extracted from Dy, (7) similarity as, e.g.,, in (B.4). Then s, — s, again has
to be rescaled as y = (s, —s,)/(277)'. In an argument similar to (E.6) one
can convince oneself, that #,,(t, t', t —1') = O((2fr)'?). Therefore again
only the n =0 term contributes a singularity:
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(1 + 0(e))

=q> Jos ds, ds, L' dt' J;)H

D,(t') dD,(t —1—1')

0
—3+a2
X Dyl ot' ot—1—1")

K ‘ —t (S —sp)/(250)' 72
=q*[ ds [ [ arf dy (2)! —2 4P
0 0 0

— s /(25T 2
2s 28 —3+e2
X F< klp ¥ 1/7>
(297) (297)
a jk(r ) aDi[k+},(2},,)|/1/,2](f— T—T')
ot ot—1—1")
41+ ¢ 2
O (ins?, 291) )E/“q7
S ‘ 0D (t') ODy(t—1')
d ! Jk
x| ds. L T Tar au—1)

From the representation (A.26) of D (1) one derives that

J'Sdsk 0D (1) 0Dy (7) aD;(Irl +17'])

o G or ar Cemsealt) s

Insertion into (F.14) finally yields

41+ O(e)

oty = A (rmin 57, 290y g1 220

Insertion of these identities into (6.6) finally results in

Iy 2.S5¢/2 n
gint(iajaqa f)1=e—q'D'/‘“’ w(_l_{_ a )
€ dlnt
16 (min{S? (290)'2})"*+0) 0 7 ,
’ € olns| 9 Dytt)
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